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PREFACE TO THE FIRST ENGLISH EDITION 


‘Trim present volume of our Theoretical Physics deals with the theory of 
olunticity. 

Being written by physicists, and primarily for physicists, it naturally 
includes not only the ordinary theory of the deformation of solids, but also 
soine topics not usually found in textbooks on the subject, such as thermal 
conduction and viscosity in solids, and various problems in the theory of 
rluntic vibrations and waves. On the other hand, we have discussed only 
very briefly certain special matters, such as complex mathematical methods 
In tlc theory of elasticity and the theory of shells, which are outside the scope 
of this book. 

Our thanks are due to Dr. Sykes and Dr. Reid for their excellent trans- 
lation of the book, 


Moscow L. D. LANDAU 
E, M, LīrFsHITZ 


PREFACE TO THE SECOND ENGLISH EDITION 


An wii as some minor corrections and additions, a chapter on the macro- 
nvaptic theory of dislocations has been added in this edition. The chapter has 
heen written jointly by myself and A. M. Kosevich. 

A mmber of useful comments have been made by G. I. Barenblatt, V. L. 
Winwburg, M. A, Isakovich, I. M. Lifshitz and I. M. Shmushkevich for the 
Ituianiin edition, while the vigilance of Dr. Sykes and Dr. Reid has made it 
jusnible to eliminate some further errors from the English translation. 

1 whould like to express here my sincere gratitude to all the above-named. 


Mowaw E. M. Lirsnitz 
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NOTATION 


p density of matter 

u displacement vector 
1 Õu; Our E 

Uik = ~|—-+——] strain tensor 
2\Ox~ xi 


stress tensor 


Oik 
K modulus of compression 
u modulus of rigidity 
E  Young’s modulus 
o  Poisson’s ratio 
cı longitudinal velocity of sound 
ce transverse velocity of sound 
cand c are expressed in terms of K, p or of E, o by formulae given in 
§22. 
The quantities K, u, E and ø are related by 
E = 9Kp/(3K+ p) 
o = (3K —2p)/2(3K +4 p) 
K= E/3(1—2c) 
u = E/2(1+0) 


vill 


CHAPTER I 


FUNDAMENTAL EQUATIONS 


§1. The strain tensor 


Tue mechanics of solid bodies, regarded as continuous media, forms the 
content of the theory of elasticity.+ 

Under the action of applied forces, solid bodies exhibit deforniution to 
some extent, i.e. they change in shape and volume. The deformation of a 
body is described mathematically in the following way. The position of any 
point in the body is defined by its radius vector r (with components vı w, 
x2 = y, ¥3 = 2) in some co-ordinate system. When the body is deformed, 
every point in it is in general displaced. Let us consider some particular 
point; let its radius vector before the deformation be r, and after the deformra- 
tion have a different value r’ (with components x’;). The displacement of 
this point due to the deformation is then given by the vector r’—r, which we 
shall denote by u: 


Ui = X'i— Xi. (1.1) 


The vector u is called the displacement vector. The co-ordinates x"; of the 
displaced point are, of course, functions of the co-ordinates x; of the point 
before displacement. The displacement vector u; is therefore also « fiction 
of the co-ordinates x;. If the vector u is given as a function of x; the defor 
mation of the body is entirely determined. 

When a body is deformed, the distances between its points change. [ct 
us consider two points very close together. If the radius vector joining them 
before the deformation is dx;, the radius vector joining the same two points 
in the deformed body is dx’; = dx;+du;. The distance between the ports 
is d? = y/(dx1?+ dx22+ dxg?) before the deformation, and dl’: /(dw'1" | 
+ dx’92+ dx'32) after it. Using the general summation rule,} we can write 
dl? = dx;2, dl’? = dx';? = (dx; + du;)?. Substituting du; = (02;/0x,)dv,, w 
can write 


Ou, Ou 
dl’? = dl?4+ dx; dep divx xy. 
OxK OxE Oxy 


Since the saint is taken over both suffixes z and & in the second term 
on the right, we can put (d1;/dxg)dxpdxg — (Oux/Axi)dxypdxg. ln the third 


+ The basie equations of elasticity theocy were established in the 1820 by Catemy and by Poren 


$ In accordance with (he ssc tole, we onst the aigicol uapudion over vector and teqaor nufllxca 
Stunmation over the values 1,2, 4 be uadesttood with respect to all sullived whch appas Gwiee daa 
given terns 
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term, we interchange the suffixes 7 and /. Then dř’? takes the final form 
dl’? = dl2+ Quix dxi dxx, (1.2) 
where the tensor u; is defined as 
1/0uzj Ou, Ou Ouy 
Uik = alee —— ~~). 
2 xk Ox; Ox; OXK 
These expressions give the change in an element of length when the body is 
deformed. 


The tensor uix is called the strain tensor. We see from its definition that 
it is symmetrical, i.e. 


(1.3) 


Uik = Uki- (1.4) 
This result has been obtained by writing the term 2(@u;/@xx)dx; dx, in dl’? 
in the explicitly symmetrical form 
(4 =) dx; dxx. 
OxK xi 

Like any symmetrical tensor, ujz can be diagonalised at any given point. 
This means that, at any given point, we can choose co-ordinate axes (the 
principal axes of the tensor) in such a way that only the diagonal components 
u11, u22, U33 of the tensor u;x are different from zero. These components, the 
principal values of the strain tensor, will be denoted by u, u®), u(3), It should 
be remembered, of course, that, if the tensor uix is diagonalised at any point 
in the body, it will not in general be diagonal at any other point. 

If the strain tensor is diagonalised at a given point, the element of length 
(1.2) near it becomes 

dl’? = (Sie + 2uix) dx; dxx 
= (14+ 2a) dx? + (1+ 2u) dag? + (1+ 2u®) dxg?. 

We see that the expression is the sum of three independent terms. This 
means that the strain in any volume element may.be regarded as composed 
of independent strains in three mutually perpendicular directions, namely 
those of the principal axes of the strain tensor. Each of these strains is a 
simple extension (or compression) in the corresponding direction: the length 
dx; along the first principal axis becomes dx’y = +/(1+2u) dxy, and simi- 
larly for the other two axes. The quantity y(1+ 2u)—1 is consequently 
equal to the relative extension (dx’;—da;)/dx; along the 7th principal axis. 

In almost all cases occurring in practice, the strains are small. This means 
that the change in any distance in the body is small compared with the 
distance itself. In other words, the relative extensions are small compared 
with unity. In what follows we shall suppose that all strains are small. 

If a body is subjected to a small deformation, all the components of the 
strain tensor are small, since they give, as we have seen, the relative changes 
in lengths in the body. The displacement vector uş, however, may 
sometimes be large, even for small strains. For example, let us consider a 
long thin rod. Even for a large deflection, in which the ends of the rod move 
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a considerable distance, the extensions and compressions in the rod itself 
will be small. 

Except in such special cases, the displacement vector for a small defor- 
mation is itself small. For it is evident that a three-dimensional body (i.e. 
one whose dimension in no direction is small) cannot be deformed in such a 
way that parts of it move a considerable distance without the occurrence of 
considerable extensions and compressions in the body. 

Thin rods will be discussed in Chapter II. In other cases aj is small for 
small deformations, and we can therefore neglect the last term in the general 
expression (1.3), as being of the second order of smallness. 'T'hus, for small 
deformations, the strain tensor is given by 


P (a+ =) (1.5) 
=-=} į, i) 
= 2 GEGA Ox; 


The relative extensions of the elements of length along the principal axes ot 
the strain tensor (at a given point) are, to within higher-order quantities, 
y (1+ 2u®)—1 x u®, i.e. they are the principal values of the tensor ny. 

Let us consider an infinitesimal volume clement dV’, and find its volume 
dV’ after the deformation. To do so, we take the principal axes of the stam 
tensor, at the point considered, as the co-ordinate axes. ‘Then the elements of 
length dx, dx2, dxg along these axes become, alter the deformation, dw'i 
= (1+u%) dx, etc. The volume dV is the product day dxs dxy, while di’ 
is dx’; dx'g dx’s. Thus dV’ = dV(1+u®)(14+u@) 14 nu). Neglecting higher 
order terms, we therefore have dV’ = dV(1--u™ | u)-+-u®). The sum 
ul)4 u2 44) of the principal values of a tensor is well known to be invariant, 
and is equal to the sum of the diagonal components na tii | dey | ina in 
any co-ordinate system. Thus 

dV’ = dV(1+ ui). (1.6) 
We see that the sum of the diagonal components of the strain tensor is the 
relative volume change (dV’—dV)/dV. 

It is often convenient to use the components of the strain tensor in spherical 
or cylindrical co-ordinates. We give here, for reference, the corresponding 
formulae, which express the components in terms of the derivatives of the 
components of the displacement vector in the same co-ordinates. In spherical 
co-ordinates r, 0, $, we have 





Our 1 Quy ur 1 Ouy My j Uy 
Urr = >) Ugg =- Seas) Ue Se eee Oe, 
f aor O zæ r 4 rsin 0p r ae r 
1/du,- 1 ou ou u 1 up > (1.7 
Ugg = (SE — ug cot o) +—— sae 2Urg = poesia a Go 
00 rsin®@ dd or r rol 
1 ðu, u u 
Qu gr =- E ae: 


i l z 
rsin0 dp ðr r 


t Which inchide, besides deformations of thin soda, those of thi plates to fosan a ylindijent mnia en 
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In cylindrical co-ordinates r, ¢, z, 
Our 1 dug Uy duz 
Ur => Ugg = TZ typ aS 
ð r õp r əz 
1 ðu; ou ður uz 
Pus ot i 1.8 
T, ap az’ "az" ar’ (e 
ðu u, 1 ðu 
2urg a $ “¢ r 
or r r õp 


§2. The stress tensor 


In a body that is not deformed, the arrangement of the molecules corre- 
sponds to a state of thermal equilibrium. All parts of the body are in mechani- 
cal equilibrium. This means that, if some portion of the body is considered, 
the resultant of the forces on that portion is zero. 

When a deformation occurs, the arrangement of the molecules is changed, 
and the body ceases to be in its original state of equilibrium. Forces there- 
fore arise which tend to return the body to equilibrium. These internal 
forces which occur when a body is deformed are called internal stresses. If 
no deformation occurs, there are no internal stresses. 

The internal stresses are due to molecular forces, i.e. the forces of inter- 
action between the molecules. An important fact in the theory of elasticity is 
that the molecular forces have a very short range of action. Their effect 
extends only to the neighbourhood of the molecule exerting them, over a 
distance of the same order as that between the molecules, whereas in the 
theory of elasticity, which is a macroscopic theory, the only distances con- 
sidered are those large compared with the distances between the molecules. 
The range of action of the molecular forces should therefore be taken as zero 
in the theory of elasticity. We can say that the forces which cause the internal 
stresses are, as regards the theory of elasticity, ‘“‘near-action” forces, which act 
from any point only to neighbouring points. Hence it follows that the forces 
exerted on any part of the body by surrounding parts act only on the surface 
of that part. 

‘lhe following reservation should be made here. The above asserioon is 
uot valid in cases where the deformation of the body results in macroscopic 
clectric fields in it (pyroelectric and piezoelectric bodies). We shall not discuss 
such bodies in this book, however. 

Let us consider the total force on some portion of the body. Firstly, this 
total force is equal to the sum of all the forces on all the volume elements in 
that portion of the body, i.e. it can be written as the volume integral f F dV, 
where F is the force per unit volume and FdV the force on the volume element 
dV. Secondly, the forces with which various parts of the portion considered 
act on one another cannot give anything but zero in the total resultant force, 
since they cancel by Newron’s third law. The required total foree can therc- 
fore be regarded as the siun of the forces exerted on the piven portion of the 
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body by the portions surrounding it. From above, however, these forces act 
on the surface of that portion, and so the resultant force can be represented 
as the sum of forces acting on all the surface elements, i.e. as an intepral 
over the surface. 

Thus, for any portion of the body, each of the three components f Fidi 
of the resultant of all the internal stresses can be transformed into an intepral 
over the surface. As we know from vector analysis, the integral of a scalar 
over an arbitrary volume can be transformed into an integral over the surface 
if the scalar is the divergence of a vector. In the present case we have the 
integral of a vector, and not of a scalar. Hence the vector Fi inst be the 
divergence of a tensor of rank two, i.e. be of the form 


Fy = doir] Oxr. (2.1) 


Then the force on any volume can be written as an integral over the closed 
surface bounding that volume:t 





Ooi 
[rar = Í dV = dou dfr, (2.2) 
OxK 


where df; are the components of the surface element vector df, directed (as 
usual) along the outward normal.{ 

The tensor ciy is called the stress tensor. As we see from (2.2), olf, is the 
ith component of the force on the surface element df. By taking elements 
of area in the planes of xy, yz, zx, we find that the component oy of the stiess 
tensor is the 7th component of the force on unit area perpendicular to the 
x-axis. For instance, the force on unit area perpendicular to the x axm, 
normal to the area (i.e. along the x-axis) is ozz, and the tangential forces 
(along the y and z axes) are oyz and azz. 

The following remark should be made concerning the sigu of the force 
oixdfy. The surface integral in (2.2) is the force exerted on the volume 
enclosed by the surface by the surrounding parts of the body, ‘Vhe lotce 
which this volume exerts on the surface surrounding it is the same with the 
opposite sign. Hence, for example, the force exerted by the internal stresses 
on the surface of the body itself is — foixdfr, where the integral is taken over 
the surface of the body and df is along the outward norinal. 

Let us determine the moment of the forces on a portion of the body. ‘The 
moment of the force F can be written as an antisymmetrical tensor of tank 
two, whose components are Fix, — Frei where x; are the co-ordinates ol the 


t The integral over a closed surface is transformed into ane over the volume enelored by the 
surface by replacing the surface element df; by the operator dV 0/dx,. 

$ Strictly speaking, to determine the total force on a deformed portion of the body we should 
integrate, not over the old co-ordinates x;, but over the co-ordinates x, af ule potvis of the deore 
body. The derivatives (2.1) should therefore be taken with respect to xe However, 1u view of the 
smallness of the deformiion, the deuvutives with respect to x, sud x, tlo only by bigher ordes 
quantities, aud se the dertvatives con be taken with reqpectoo the co ordinates xe. 
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point where the force is applied.f Hence the moment of the forces on the 
volume element dV is (Fixy — Fx4)dV, and the moment of the forces on the 
whole volume is Mix = f(Fixx—Fxx4)dV. Like the total force on any volume, 
this moment can be expressed as an integral over the surface bounding the 
volume. Substituting the expression (2.1) for Fi, we find 


dci 0 
Mu = I( nats ae x) dV 











Ox) Ox, 
O(ouxE — OX Ox. Ox. 
B f (cute — or Day flor E on ‘) ay 
Ox, Ox) Ox} 


In the second term we use the fact that the derivative of a co-ordinate with 
respect to itself is unity, and with respect to another co-ordinate is zero 
(since the three co-ordinates are independent variables), Thus 0%;/0x; = 8x1, 
where ôx is the unit tensor; the multiplication gives 7841 = Cik, on18t1 = Oki 
In the first term, the integrand is the divergence of a tensor; the 
integral can be transformed into one over the surface. The result is 
Mik = §( 41%" — oni) df + f(oni— oik) dV. If Mix is to be an integral over the 
surface only, the second term must vanish identically, i.e. we must have 


Ot = ont. (2.3) 


Thus we reach the important result that the stress tensor is symmetrical. 
The moment of the forces on a portion of the body can then be written 
simply as 


Mi = | (Fixy — Frxi) dV = $(ourn— oni) dfi. (2.4) 


It is easy to find the stress tensor for a body undergoing uniform com- 
pression from all sides (hydrostatic compression). In this case a pressure of 
the same magnitude acts on every unit area on the surface of the body, and its 
direction is along the inward normal. If this pressure is denoted by p, a force 
— pdf; acts on the surface element dfi. This force, in terms of the stress 
tensor, must be cixdfr. Writing —pdfi = —pôixdfr, we see that the stress 
tensor in hydrostatic compression is 


Gik = — põik. (2.5) 


Its non-zero components are simply equal to the pressure. 

In the general case of an arbitrary deformation, the non-diagonal com- 
ponents of the stress tensor are also non-zero. This means that not only a 
normal force but also tangential (shearing) stresses act on each surface 
element. These latter stresses tend to move the surface elements relative to 
each other. 


t The moment of the force F is defined as the vector product F X r, and we know from vector 
analysis that the components of a vector product form an antiaymmetrienl tensor of rank two as written 
here. 
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In equilibrium the internal stresses in every volume clement must balance, 
i.e. we must have F; = 0. Thus the equations of equilibrium for a deformed 
body are 


Ooi [Ox = 0. (2.6) 


If the body is in a gravitational field, the sum F+ pg of the internal stresses 
and the force of gravity (pg per unit volume) must vanish; p is the density } and 
g the gravitational acceleration vector, directed vertically downwards. Iu 
this case the equations of equilibrium are 


doin OxE + pgi = 0. (2.7) 


The external forces applied to the surface of the body (which are the usual 
cause of deformation) appear in the boundary conditions on the equations ol 
equilibrium. Let P be the external force on unit area of the surface of the 
body, so that a force P df acts on a surface element df. In equilibrium, this 
must be balanced by the force — oi dfe of the internal stresses acting on that 
element. Thus we must have P; df—oix dfe = 0. Writing df,  med/, 
where n is a unit vector along the outward normal to the surface, we Nud 


oink = Pi. (2.8) 


‘This is the condition which must be satisfied at every point on the surface of 
a body in equilibrium. 

We shall derive also a formula giving the mean value of the stress tensor 
in a deformed body. To do so, we multiply equation (2.6) by xy and integrate 
over the whole volume: 


ao; ao; 2 
Í AV Í (cart) ay [ow ay =: 
Ox Ox] 


XI 








The first integral on the right is transformed into a surface integral; in the 
second integral we put @xz/ 0x, = dx. The result is foir dfi Jou dl 0. 
Substituting (2.8) in the first integral, we find fPixg df = fox dl Fom, 
where V is the volume of the body and 64 the mean value of the stress termo. 
Since oi; = cpi this formula can be written in the symmetrical form 


Sm = (1/2V) $ (Pix + Prxi) df. (2.9) 


Thus the mean value of the stress tensor can be found immediately from the 
external forces acting on the body, without solving the equations of eqiili 
brium. 


t Strictly speaking, the density of a body chanyes when it t deformed. An dlowunce for thp 
change, however, involves ligher-order quantities in the case of smalt defonmationn, aud ia thereuae 
unimportant. 
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§3. The thermodynamics of deformation 


Let us consider some deformed body, and suppose that the deformation 
is changed in such a way that the displacement vector u; changes by a small 
amount éu;; and let us determine the work done by the internal stresses in 
this change. Multiplying the force F; = doz,/0x, by the displacement ôu; and 
integrating over the volume of the body, we have JOR dV = f(dczx/ Oxy) du; dV, 
where SR denotes the work done by the internal stresses per unit volume. 
We integrate by parts, obtaining 


7 Ou; 
[oe dV = fondui dfk— fon P 





dV. 
Xk 

By considering an infinite medium which is not deformed at infinity, we 
make the surface of integration in the first integral tend to infinity; then 
sik = 0 on the surface, and the integral is zero. The second integral can, 
by virtue of the symmetry of the tensor cix, be written 


1 Osu; OITA 
ferar = foel + jay 





Ox, Ox; 
1 Õu; uk 
= —- a) day 
Í n i= a 
= — fosu dV. 
Thus we find 
ôR = — o ikÔllik. (3.1) 


This formula gives the work ôR in terms of the change in the strain tensor. 

If the deformation of the body is fairly small, it returns to its original 
undeformed state when the external forces causing the deformation cease 
to act. Such deformations are said to be elastic. For large deformations, the 
removal of the external forces does not result in the total disappearance of the 
deformation; a residual deformation remains, so that the state of the body is 
not that which existed before the forces were applied. Such deformations 
are said to be plastic. In what follows we shall consider only elastic defor- 
mations. 

We shall also suppose that the process of deformation occurs so slowly 
that thermodynamic equilibrium is established in the body at every instant, 
in accordance with the external conditions. This assumption is almost always 
justified in practice. The process will then be thermodynamically reversible. 

In what follows we shall take all such thermodynamic quantities as the 
entropy S, the internal energy @, etc., relative to unit volume of the body,t 


+ The following remark should be made here. Strictly speaking, the unit volumes before and after 
the deformation should be distinguished, since they in general contain different amounts of matter. 


We shall always relate the thermodynamic quantities to unit volume of the undeformed body, ie. 
to the amount of matter therein, which may occupy a diflecent volume after the deformation, Accord- 
ingly, the total energy of the body, for example, ts obtained by integrating & over the volume of the 


undefortped body. 
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and not relative to unit mass as in fluid mechanics, and denote them by the 
corresponding capital letters. 

An infinitesimal change d& in the internal energy is equal to the difference 
between the heat acquired by the unit volume considered and the work dk 
done by the internal stresses. The amount of heat is, for a reversible process, 
TdS, where T is the temperature. Thus dê = TdS—dk; with dR piven 
by (3.1), we obtain 


dé = TdS+ o%% dugg. (3.2) 

This is the fundamental thermodynamic relation for deformed bodies. 
In hydrostatic compression, the stress tensor is oi, = —Pdju (2.5). Then 
in duik = —pdix duir = —p duu. We have seen, however (ef. (1.6)), that the 


sum uy is the relative volume change due to the deformation. IF we coustder 
unit volume, therefore, uş; is simply the change in that volume, and dug is 
the volume element dV. The thermodynamic relation then takes tfs usual foun 


dé = TdS—pdV. 
Introducing the free energy of the body, F = &—7'S, we fid the form 
dF = — SdT + oix duik (3.3) 
of the relation (3.2). Finally, the thermodynamic potential b is delned a. 
® = €-—TS— ciktik = F- opxttir. (3.1) 


This is a generalisation of the usual expression ® = &—TS | prf Subst 
tuting (3.4) in (3.3), we find 


d® = — SdT — ttik doig. (3.5) 


The independent variables in (3.2) and (3.3) are respectively S, m nd 
T, uix. The components of the stress tensor can be obtained by dillerentatuy 
E or F with respect to the components of the strain tensor, for constant 
entropy S or temperature T respectively: 


oix = (0E/Ouz)s = (OF /Ourk) vr. (3.0) 


Similarly, by differentiating ® with respect to the components oj,, we can 
obtain the components ux: 


ur, = — (3D doir) P. (3.7) 
t For hydrostatic compression, the expression (3.4) becomes P F} pha PIME Pa, 
where V —Vo is the volume change resulting from the deformation, Hence we vee that the defmiatan 


of Ọ used here dillecs by n fern ply frou the iwl definition P F| pF 


10 Fundamental Equations ‘4 


§4. Hooke’s law 


In order to be able to apply the general formulae of thermodynamics to 
any particular case, we must know the free energy F of the body as a function 
of the strain tensor. This expression is easily obtained by using the fact that 
the deformation is small and expanding the free energy in powers of ux. We 
shall at present consider only isotropic bodies. The corresponding results 
for crystals will be obtained in §10. 

In considering a deformed body at some temperature (constant throughout 
the body), we shall take the undeformed state to be the state of the body in the 
absence of external forces and at the same temperature; this last condition is 
necessary on account of the thermal expansion (see §6). Then, for ue = 0, 
the internal stresses are zero also, i.e. oj = 0. Since oj = OF /Ouj,, it 
follows that there is no linear term in the expansion of F in powers of uix. 

Next, since the free energy is a scalar, each term in the expansion of F 
must be a scalar also. Two independent scalars of the second degree can be 
formed from the components of the symmetrical tensor uy: they can be 
taken as the squared sum of the diagonal components (ux?) and the sum of 
the squares of all the components (u;x2). Expanding F in powers of uz, we 
therefore have as far as terms of the second order 


F= Fo + Aug? + putir. (4.1) 


This is the general expression for the free energy of a deformed isotropic 
body. The quantities À and p are called Lamé coefficients. 

We have seen in §1 that the change in volume in the deformation is given 
by the sum us. If this sum is zero, then the volume of the body is unchanged 
by the deformation, only its shape being altered. Such a deformation is 
called a pure shear. 

The opposite case is that of a deformation which causes a change in the 
volume of the body but no change in its shape. Each volume element of the 
body retains its shape also. We have seen in §1 that the tensor of such a 
deformation is up = constant xôi. Such a deformation is called a hydro- 
static compression. 

Any deformation can be represented as the sum of a pure shear and a 
hydrostatic compression. To do so, we need only use the identity 


Uik = (Uik —$õirun) + Sigur). (4.2) 


The first term on the right is evidently a pure shear, since the sum of its 
diagonal terms is zero (ên = 3). The second term is a hydrostatic compres- 
sion. 

As a general expression for the free energy of a deformed isotropic body, 
it is convenient to replace (4.1) by another formula, using this decomposition 
of an arbitrary deformation into a pure shear and a hydrostatic compression. 
We take as the two independent scalars of the second degree the sums of the 
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squared components of the two terms in (4.2). Then 7 becomes} 
F= (tir — 4òiruu) +4 Kun. (41.3) 


The quantities K and p are called respectively the bulk modulus or modulus of 
hydrostatic compression (or simply the modulus of compression) and the shear 
modulus or modulus of rigidity. K is related to the Lamé coefficients by 


K = A+3u. (1.4) 


In a state of thermodynamic equilibrium, the free energy is a minimum. 
If no external forces act on the body, then F as a function of uj; must have a 
minimum for uj; = 0. This means that the quadratic form (4.3) must be 
positive. If the tensor ux is such that uy = 0, only the first term remains 
in (4.3); if, on the other hand, the tensor is of the form uix = constant = Sip, 
then only the second term remains. Hence it follows that a necessary (and 
evidently sufficient) condition for the form (4.3) to be positive is that cach 
of the coefficients K and yp is positive. Thus we conclude that the moduli of 
compression and rigidity are always positive: 


K>0,p> 0. (1.5) 


We now use the general thermodynamic relation (3.6) to determine the 
stress tensor. To calculate the derivatives 0F/0u;x, we write the total ditler- 
ential dF (for constant temperature): 


dF = Kuy duy + 2p(uix— $unsir) duik- Lundir). 


In the second term, multiplication of the first parenthesis by 54% gives zero, 
leaving dF = Kuy dun + 2u(uir— uusix) dux, or writing duy = Six use, 


dF = [Kuusik + 2u(uir— 4ur0ix) | duik. 


Hence the stress tensor is 
oi = Kundir + 2u(uir — 48,411). CLO) 


This expression determines the stress tensor in terms of the strain tensor lor 
an isotropic body. It shows, in particular, that, if the deformation is a pure 
shear or a pure hydrostatic compression, the relation between oj, and ng is 
determined only by the modulus of rigidity or of hydrostatic compression 
respectively. 

It is not difficult to obtain the converse formula which expresses nyp in 
terms of oix. To do so, we find the sum oj; of the diagonal terms. Since this 
sum is zero for the second term of (4.6), we have og = 3.Kuj;, or 


uy = o4/3K. (1.7) 


t The constant term Fo is the free energy of tbe undeformed body, and is of no further intetent. 
We shall therefore omit it, for brevity, ming F to be only the hee energy of the deformation (the 
clastic free energy, ns tt is culled). 
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Substituting this expression in (4.0) and so determining tiy, we find 
Uir = SiwoufIK + (oir —$8jn0u)/ 2p, (4.8) 


which gives the strain tensor in terms of the stress tensor. 

Equation (4.7) shows that the relative change in volume (ug) in any 
deformation of an isotropic body depends only on the sum c; of the diagonal 
components of the stress tensor, and the relation between uj and oy is 
determined only by the modulus of hydrostatic compression. In hydrostatic 
compression of a body, the stress tensor is cip = —pdix. Hence we have 
in this case, from (4.7), 


Uit = —p/K. (4.9) 


Since the deformations are small, ug and p are small quantities, and we can 


write the ratio «;/p of the relative volume change to the pressure in the 
differential form (1/V)(@V/dp),. Thus 


The quantity 1/K is called the coefficient of hydrostatic compression (or simply 
the coefficient of compression). 

We see from (4.8) that the strain tensor u;x is a linear function of the stress 
tensor cix. That is, the deformation is proportional to the applied forces. 
This law, valid for small deformations, is called Hooke’s law.t 

We may give also a useful form of the expression for the free energy of a 
deformed body, which is obtained immediately from the fact that F is quad- 
ratic in the strain tensor. According to EULER’s theorem, u;,0F/0uj, = ZF, 
whence, since OF /du;~ = cik, we have 


F= $TikUik. (4.10) 


If we substitute in this formula the ug as linear combinations of the 
components cix, the elastic energy will be represented as a quadratic function 
of the cix. Again applying EuLEr’s theorem, we obtain oj,0F/d0i, = 2F, and 
a comparison with (4.10) shows that 


uir = OF /Aozn. (4.11) 


It should be emphasised, however, that, whereas the formula oj, = OF /Ouiy 
is a general relation of thermodynamics, the inverse formula (4.11) is applic- 
able only if Hooxe’s law is valid. 


t Hooxr’s law is actually applicable to almost all elastic deformation. Vhe reason is that deforma- 
tions usually cease to be elastic when they are still so small that Hooks law isa pood approximation, 
Substances such as cabber form an exception. 
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§5. Homogeneous deformations 


Let us consider some simple cases of what are called homogencous defota- 
tions, i.e. those in which the strain tensor is constant throughout the volume 
of the body. For example, the hydrostatic compression already considered 
is a homogeneous deformation. 

We first consider a simple extension (or compression) of a rod. Let the 
rod be along the z-axis, and let forces be applied to its ends which stretel it 
in both directions. These forces act uniformly over the end surfaces of the 
rod; let the force on unit area be p. 

Since the deformation is homogeneous, i.e. wiz is constant through the 
body, the stress tensor oi is also constant, and so it can be determined at once 
from the boundary conditions (2.8). There is no external force on the side: 
of the rod, and therefore cing = 0. Since the unit vector non the side of the 
rod is perpendicular to the z-axis, i.e. ng = 0, it follows that all the com- 
ponents oj except ozz are zero. On the end surface we have ozini = p 
Ozz = P. 

From the general expression (4.8) which relates the components of the 
strain and stress tensors, we see that all the components u;; with i 4 k are 
zero. For the remaining components we find 


, or 


1/1 1 1/1 1 
Ung = Uyy = a = -gt Ug = (sets) (5.1) 


The component uz, gives the relative lengthening of the rod. The coeth- 
cient of p is called the coefficient of extension, and its reciprocal is the modulus 
of extension or Young’s modulus, E: 


zz = plE, (5.2) 


where 
E = 9Kp/(3K+p). (5.3) 
The components tgz and uyy give the relative compression of the rod in the 


transverse direction. The ratio of the transverse compression to the lonpi- 
tudinal extension is called Poisson’s ratio, o:+} 


Ugg = — Ollzz, 6 l ) 
where 
oS TORK WOKE (5.5) 
t The use of o to denote Poisson’s rage and g, to denote the components of theses tensor cunt 


not lead to ambipuity, since che latter always have sullices. 
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Since K and p are always positive, Poisson’s ratio can vary between -- | 


(for K = 0) and 4 (for u = 0). 'Tlus f 


-l<oh. (5.6) 
Finally, the relative increase in the volume of the rod is 
uy = pl3K. (5.7) 


The free energy of a stretched rod can be obtained immediately from formula 
(4.10). Since only the component oz; is not zero, we have F = dozztzz, 
whence 


F = p?/2E. (5.8) 


In what follows we shall, as is customary, use E and ø instead of K and p. 
Inverting formulae (5.3) and (5.5), we havet 


u = E/2(1+0), K = E/3(1—20). (5.9) 


We shall write out here the general formulae of §4, with the coefficients 
expressed in terms of E and g. The free energy is 








E o 
F= aaea) : (5.10) 
The stress tensor is given in terms of the strain tensor by 
E { Gg 
Gik = {uae + Bin) (5.11) 
Conversely, 
Uir = [A +o)ou —condix]/E. (5.12) 


Since formulae (5.11) and (5.12) are in frequent use, we shall give them also 
in component form: 














E 
1 Gena ee ee 
= 1(1 ~a)uiyy + oltea + e)] 

Cyy = G Uyy T O\Ugx Uzz) |, 

lroga? 

( i a) (5.13) 
SR a A 

E E E 
oxy = Tee Grz = tao ™ Gyz = Ipo 


t In practice, PorssoN’s ratio varies only between 0 and 4. There are no substances known for 
which o < 0, i.e. which would expand transversely when stretched longitudinally. It may be men- 
tioned that the inequality ø > 0 corresponds to A > 0, where À is the Lamé coefficient appearing 
in (4.1); in other words, both terms in (4.1), as well as in (4.3), are always positive in practice, although 
this is not thermodynamically necessary. Values of g close to } (e.g. for rubber) correspond to n 
modulus of rigidity which is small compared with the modssls of conipression. 

t The second Linné cocthcient is A KofQl 2a) | o). 
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and conversely 





1 
Urr = pler elut azz) |; 
Uyy = Glow (ozat ozz)], 
1 i (5.14) 
Uzz = Glee oun t Syy)l, 
l+o l+o l+o 
Ury = Czy, Uxz = Tg I Uyz = Tp 


Let us now consider the compression of a rod whose sidcs are fixed in 
such a way that they cannot move. The external forces which cause the 
compression of the rod are applied to its ends and act along its length, which 
we again take to be along the z-axis. Such a deformation is called i 
unilateral compression. Since the rod is deformed only in the s-dircction, 
only the component uzz of uix is not zero. Then we have from (5.11) 


E E(1—) 
= = ez, =e de 
Meee al Fe EE E Aiea eaaey 


Again denoting the compressing force by p (azz = p, which is negative for 
a compression), we have 


uzz = p(1t+o)(1—2c)/E(1—0). (5.15) 


The coefficient of p is called the coefficient of unilateral compression. Vor the 
transverse stresses we have 


Grz = Syy = po/(1—a). (5.16) 
Finally, the free energy of the rod is 
F = p®(1+0)(1—20)/2E(1—o). (5.17) 


§6. Deformations with change of temperature 


Let us now consider deformations which are accompanied by a change iun 
the temperature of the body; this can occur either as a result of the deforma 
tion process itself, or from external causcs. 

We shall regard as the undeformed state the state of the body in the absence 
of external forces at some given temperature To. If the body is at a tempera 
ture T different from To, then, even if there are no cxternal forces, 1 will m 
general be deformcd, on account of thermal expansion, In the expansion of 
the free encrgy F(T), there will therefore be terms linear, as well as quadratic, 
in the strain tensor, From the components of the tensor tip, of rank two, 
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we can form only one linear scalar quantity, the sum uz of its diagonal com- 
ponents. We shall also assume that the temperature change T— Ty which 
accompanies the deformation is small. We can then suppose that the coeffi- 
cient of u; in the expansion of F (which must vanish for T = To) is simply 
proportional to the difference T— To. Thus we find the free energy to be 
(instead of (4.3)) 


F(T) = F(T) Ko(T Tojuu+ (tix — $ôirun) + $Kuy)?, (6.1) 


where the coefficient of T— To has been written as — Ka. The quantities 
u, K and « can here be supposed constant; an allowance for their tempera- 
ture dependence would lead to terms of higher order. 

Differentiating F with respect to uix, we obtain the stress tensor: 


Cik = — Kæ(T— Totz + Kuusik + 2u(uik — Iic). (6.2) 


The first term gives the additional stresses caused by the change in tempera- 
ture. In free thermal expansion of the body (external forces being absent), 
there can be no internal stresses. Equating cix to zero, we find that uix is of 
the form constant x 8;,;, and 

uy = a(T— To). (6.3) 


But uy is the relative change in volume caused by the deformation. Thus « 
is just the thermal expansion coefficient of the body. 

Among the various (thermodynamic) types of deformation, isothermal and 
adiabatic deformations are of importance. In isothermal deformations, the 
temperature of the body does not change. Accordingly, we must put T = To 
in (6.1), returning to the usual formulae; the coefficients K and u may there- 
fore be called isothermal moduli. 

A deformation is adiabatic if there is no exchange of heat between the 
various parts of the body (or, of course, between the body and the surround- 
ing medium). The entropy S remains constant. It is the derivative — 0F/0T 
of the free energy with respect to temperature. Differentiating the expression 
(6.1), we have as far as terms of the first order in ux 


S(T) = So(T)+ Koty. (6.4) 


Putting S constant, we can determine the change of temperature T— To due 
to the deformation, which is therefore proportional to*z,. Substituting this 
expression for T— To in (6.2), we obtain for oj, an expression of the usual 
kind, 





oik = Kaaundin+ Zuluk — fèiu), (6.5) 


with the same modulus of rigidity u but a different modulus of compression 
Kaa. The relation between the adiabatic modulus Kaq and the ordinary 
isothermal modulus K can also be found directly from the thermodynamic 
formula 
ov ad T(AV/dT),2 
( op |, ( Op ly C 


, 
p 
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where Cp is the specific heat per unit volume at constant pressure. I |’ is 
taken to be the volume occupied by matter which before the deformation 
occupied unit volume, the derivatives aV/dT and dV /ap give the relative 
volume changes in heating and compression respectively. ‘That is, 


(@V/eT)p = «, (OV /ep)s = —1/Kaa, (OV /0p)p = —1/K. 


Thus we find the relation between the adiabatic and isothermal moduli to be 

1/Kea = 1/K—To2/Cp, paa = pe (0.6) 

For the adiabatic Younc’s modulus and Porsson’s ratio we easily obtain 
E o+ ET22/9C. 

Eaa Oad bag (0.7) 


~ I ETC, ~ I-ET, 


In practice, ET«?/Cp is usually small, and it is therefore sufficiently accurate 
to put 


Esa = E+E®To2/9Cp, oaa = o+ (1+ 0)ETa29Cp. (0.8) 


In isothermal deformation, the stress tensor is given in terms ol the 
derivatives of the free energy: 


oink = (OF Quix) r. 
For constant entropy, on the other hand, we have (see (3.6)) 
ik = (0/2uix)s, 


where @ is the internal energy. Accordingly, the expression analogous to 
(4.3) determines, for adiabatic deformations, not the free energy but the in 
ternal energy per unit volume: 


@ = $ Kaa? + wun —4uudsix)?. (6.9) 


§7. The equations of equilibrium for isotropic bodies 


Let us now derive the equations of equilibrium for isotropic solid bodies. 
To do so, we substitute in the general equations (2.7) 


doir Ox~+ pgi = 0 
the expression (5.11) for the stress tensor. We have 


- Ooik Eo in E DUik 
axr = (1+o)(1—20) dx; 1+0 axy 





Substituting 


Hik 


T oue) 
| ’ 


28x AN, 
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we obtain the equations of equilibrium in the form 
E am E ur 
2(1 +o) Ox,? t + o)(1 — 2c) 0x; Ax; 
These equations can be conveniently rewritten in vector notation. The 


quantities 02u;/dx,2 are components of the vector Au, and duj/0x, = div u. 
Thus the equations of equilibrium become 





+ pe, = 0. (7.1) 


2(1 +0) 
div u = — : 
ee grad div u pg (7.2) 








Aut 


It is sometimes useful to transform this equation by using the vector identity 
grad div u = Au+curlcurlu. Then (7,2) becomes 
1—20 
2(1—«) 
(1+ a)(1— 2c) 
E(l—o) ` 
We have written the equations of equilibrium for a uniform gravitational 
field, since this is the body force most usually encountered in the theory of 
elasticity. If there are other body forces, the vector pg on the right-hand 
side of the equation must be replaced accordingly. 
A very important case is that where the deformation of the body is caused, 


not by body forces, but by forces applied to its surface. The equation of 
equilibrium then becomes 


(1—2c)Au+ grad div u = 0 (7.4) 





grad div u — curl curl u 





(7.3) 


or 
2(1— øo) grad div u—(1—2c) curl curlu = 0. (7.5) 
The external forces appear in the solution only through the boundary con- 
ditions. 
Taking the divergence of equation (7.4) and using the identity 


div grad = A, 
we find 
A divu = 0, (7.6) 


ie. div u (which determines the volume change due to the deformation) is a 
harmonic function. Taking the Laplacian of equation (7.4), we then obtain 


AAu = 0, (7.7) 
ie. in equilibrium the displacement vector satisfies the biharmonic equation. 
These results remain valid in a uniform gravitational field (since the right- 
hand side of equation (7.2) gives zero on dilferentiation), bnt not in the 
general case of external forces which vary through the body. 
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The fact that the displacement vector satisfies the biharmonic equation 
does not, of course, mean that the general integral of the equations of equili- 
brium (in the absence of body forces) is an arbitrary brharmonie vector, nt 
must be remembered that the function u(x, Vy) abo nattien the Loser 
order differential equation (7.4). It is possible, however, to express the peneral 
integral of the equations of equilibrium in terms ol the denyatwes ol an 
arbitrary biharmonic vector (see Problem 10). 

If the body is non-uniformly heated, an additional term appears in the 
equation of equilibrium. The stress tensor must include the term 


— Ka(T—T dix 
(see (6.2)), and dc;%/@xx, accordingly contains a term 
— KaðT/ðx; = —[Ea/3(1—2c)]0T/Ox;. 
The equation of equilibrium thus takes the form 


3(1— o) ; 3(1— 20) ; 
——_— grad div u — ————- curl curlu = a grad 7. (7.8) 
l+o 2(1 +0) 

Let us consider the particular case of a plane deformation, in which one 
component of the displacement vector (uz) is zero throughout the bady, 
while the components uz, uy depend only on x and y. ‘The components 
Uzz, Uxz, Uyz of the strain tensor then vanish identically, and therefore so do 
the components ozz, cyz of the stress tensor (but not the longitudinal stress 
azz, the existence of which is implied by the constancy of the length of the 
body in the z-direction). + 

Since all quantities are independent of the co-ordinate z, the equations of 
equilibrium (in the absence of external body-forces) doy, /eaxy O reduce in 
this case to two equations: 


Ozz i dozy = 0, Ooyx ie OGyy z (7.9) 
Ox oy ox oy 














The most general functions ogg, czy, cyy satisfying these equations are ol 
the form 


oze = y/Oy2, oxy = —Oy/Oxdy, oyy = Fylt, (710) 


where x is an arbitrary function of x and y. It is easy to obtain an equation 
which must be satisfied by this function. Such an equation must exist, since the 
three quantities ozz, Czy, cyy can be expressed in terms of the two quumtitics 
Ug, ty, and are therefore not independent. Using formulae (5.13), we find, 
for a plane deformation, 


Gaga Oyy = E(uzz + uyy)/(1 + o)(1 = 2o). 





+ The use of the theory of functions of a complex variable provides very powerful methods of 
solving plane problema in the theory of elasticity. See N. L Musximatyvira, Some Pave Problems 
of the Mathematical Theory of Plasticity, pnd Engbsh ed P. Noordholf, Granger E963. 
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But 
Oza t Oyy = AX Ure +t Uyy = —+— = divu, 


and, since by (7.6) div u is harmonic, we conclude that the function y satisfies 
the equation 


AAx=0, (7.11) 


ie. it is biharmonic. This function is called the stress function. When the 
plane problem has been solved and the function y is known, the longitudinal 
stress azz is determined at once from the formula 


ozz = GE (uz, +uyy)/(1+o)(1—2¢) = o(ozs+ Syy) 
or 


Ozz = ax. (7.12) 


PROBLEMS 


PROBLEM 1. Determine the deformation of a long rod (of length l) standing vertically in a 
gravitational field. 


SoLuTION. We take the z-axis along the axis of the rod, and the xy-plane in the plane of 
its lower end. The equations of equilibrium are @ozs/@x1 = Ooyi/0x;i = 0, Dozi 0x, = pg. 
On the sides of the rod all the components oix except ozz must vanish, and on the upper 
end (2 = l) ozz = oyz = ozz = 0. The solution of the equations of equilibrium satisfying 
these conditions is ozz = —pg(I—z), with all other ox zero. From osx we find ty to be 
Urz = Uyy = opg(l—2)/E, uzz = —pg(l—2)/E, uzy = uzz = Uyz = 0, and hence by inte- 
gration we have the components of the displacement vector, uz = opg(I—2)x/E, ty = 
opg(l—z)y/E, uz = —(pg/2E) {l?—(l—z)?—o(x?-+y%)}. The expression for uz satisfies the 
boundary condition uz = 0 only at one point on the lower end of the rod. Hence the solution 
obtained is not valid near the lower end. 


PROBLEM 2. Determine the deformation of a hollow sphere (of external and internal radit 
R, and R;) with a pressure p, inside and p, outside. 


SoLuTion. We use spherical co-ordinates, with the origin at the centre of the sphere. 
The displacement vector u is everywhere radial, and is a function ofr alone. Hence curl u=0, 
and equation (7.5) becomes grad div u = 0. Hence 


; 1 d(r?u) 
divu = — 
r2 dr 





= constant = 3a, 


or u = ar+b/r*, The components of the strain tensor are (see formulae (1.7)) uy, = a—26/r3, 
toe = Ugg = a+b/r®?, The radial stress is 





E (1—0) tas E 2E b 
Grr = ——————{ (1 — oJurr + Zoug} = a =. 
T (1+6)(1—20) 1—20 l+or 
The constants a and b are determined from the boundary conditions: o,, = —p,atr-= Rue 
and o,, = —p,atr = R, Hence we find 


È PR? = p2Ret 1- 20 RBRS(p1 —- pe) ldo 


a= 
R8 RB EK R- RË 2E 
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For example, the stress distribution in a spherical shell with a pressure p, = p inside and 
2 = 0 outside is given by 


p pRB (1 J Sipe pRB (1 i RS 

R — R B $9 R3- RP AF 

For a thin spherical shell of thickness k = R,—R, <R we have approximately 
u = pR{1—o)/2Eh, G59 = og = 4PR[h, tay = Ap, 


where @,, is the mean value of the radial stress over the thickness of the shell, 
The stress distribution in an infinite elastic medium with a spherical cavity (ol padis 2) 
subjected to hydrostatic compression is obtained by putting Ri = R, Ry 9, p, 9, 











pa = pt 
R3 es 
= —pf{1 — — = as I. 
Orr o pp) Too Tjo pid aya} 
At the surface of the cavity the tangential stresses ogg = ogg = —3p/2, Le. they exceed the 


pressure at infinity. 


PROBLEM 3, Determine the deformation of a solid sphere (of radius K) in its owu pruvi 
tational field. 


SotuTion. The force of gravity on unit mass in a spherical body is gre/R. Subititatna 
this expression in place of g in equation (7.3), we obtain the following equation for the rach 
displacement: 


E(l—oc) d/1d(r?u) r 
(1 -+c)(1— 2c) ale a] T 
The solution finite for r = 0 which satisfies the condition o, - 0 forr Ris 
gpR(1—20){ 1+0) B-0o r? 
= 10E(1 — 0) A E ) 


\ 





Re 


It shouid be noticed that the substance is compressed (np, < 0) inside a spherical stintu of 
radius Ry {(3 —c)/3(1+¢)} and stretched outside it (u, > 0). T'he presance at (he cenne of 
the sphere is (3 -¢)gpR/10(1—¢). 


PROBLEM 4, Determine the deformation of a cylindrical pipe (of externt andantinal rabt 
R, and R,), with a pressure p inside and no pressure outside.} 

SoLution. We use cylindrical co-ordinates, with the z-axis along: the axis of the pipe 
When the pressure is uniform along the pipe, the deformation is a purely radral dieqelacomiect 
u, = u(r). Similarly to Problem 2, we have 


. 1 d(ru) 
div u = — = constant := 2a. 
r dr 





Hence u = ar+b/r. The non-zero components of the strain tensor are (see Iormukio (L 8)) 
u, = dujdr = a—bjr?, ugg = ulr = a+b/r?, From the conditions on Os? Ny, 
and o, = —p at r = R, we find 


pR? (14+ o)(1 —20) i PRER? lia 





+ , 


a= í = x 
R2-— R? E Rè RË E 


ft In Problems 4, 5 and 7 it is waned that rbe length of rhe oyleder ig qaiurained conatur 10 
that there ja no lonpgitnnlmal defonanrion- 
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The stress distribution is piven by the formutie 
pR? Ra pr? Re 
Grr = (1 = i Tg = f = al +=), 
R2—R? r2 Re R? 
oa = 2poRs2/(Re2— Ry). 





PROBLEM 5. Determine the deformation of a cylinder rotating uniformly about its axis. 


SoLUTION. Replacing the gravitational force in (7.3) by the centrifugal force pQ?r (where 
Q is the angular velocity), we have in cylindrical co-ordinates the following equation for the 
displacement u, = u(r): 





E(l-o) d/l dqu) _ 
(1+a)(1—20) ab dr )= i 


The solution which is finite for r = 0 and satisfies the condition o,, = 0 for r = R is 


_ p1 +o)(1—20) 
8E(1— o0) 





r[(3 —20)R2—r?]. 


PROBLEM 6. Determine the deformation of a non-uniformly heated sphere with a spherically 
symmetrical temperature distribution. 


So.ution. In spherical co-ordinates, equation (7.8) for a purely radial deformation is 


d ey lto dT 
A d ) 3-0) dr 





The solution which is finite for r = 0 and satisfies the condition o,, = 0 for r = R is 


aio, l T(r)? dr-+-———— a = “9 A sj T(r? ar). 


The temperature T(r) is measured from the value for which the sphere, if uniformly heated, 
is regarded as undeformed. In the above formula the temperature in question is taken as that 
of the outer surface of the sphere, so that T(R) = 0. 


PROBLEM 7. The same as Problem 6, but for a non-uniformly heated cylinder with an 
axially symmetrical temperature distribution. 


SoLuTioNn. We similarly have in cylindrical co-ordinates 


ia i ant; | T) dr+(1—20)— “| Tiry ar), 


PROBLEM 8. Determine the deformation of an infinite elastic medium with a given tempera- 
ture distribution T(x, y, z) which is such that the temperature tends to a constant value Ty 
at infinity, there being no deformation there. 


SoLuTION. Equation (7.8) has an obvious solution for which curl u = 0 and 


divu -- a(l bo)[7@,¥, 2) TAJBA o). 
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The vector u, whose divergence is a given function defined in all space and vanishing at 
infinity, and whose curl is zero identically, can be written, as we know from vector analysis, 
in the form 


d 
u(x, Y, z) = — 7 graa | EE Day ; 


where 


= yi- x+y -y F+ e-z Y 


We therefore obtain the general solution of the problem in the form 


a(l +o) [=> 


“Tla dV’, (1) 


r 


wiere T = T(x’, y’, 2’). 

If a finite quantity of heat q is evolved in a very small volume at the origin, the temperature 
distribution can be written T—T, = (q/C)8(x)8(y)8(z), where C is the specific heat of the 
medium. The integral in (1) is then g/Cr, and the deformation is given by 


a(l + o)q r 


~ e(l- oC e 


PROBLEM 9, Derive the equations of equilibrium for an isotropic body (in the absence af 
body forces) in terms of the components of the stress tensor. 


SoLuTion. The required system of equations contains the three equations 
Ootr/Ox~ = 0 (1) 
and also the equations resulting from the fact that the six different components of tux are 


not independent quantities. To derive these equations, we first write down the system of 
differential relations satisfied by the components of the tensor usx. It is easy to see that the 


quantities 
1/ ĉu; =| 
tik = z| — +-— 
ue (= Ox; 


satisfy identi ally the relations 
Uik um un um 
T . 
0x10 Xm oxxy OX,0Xm, Ox,OXy 











Here there are only six essentially different relations, namely those corresponding to the fol- 
lowing values of i, k, l, m: 1122, 1133, 2233, 1123, 2213, 3312. All these are retamed if the alove 
tensor equation is contracted with respect to l and m: 


Puy Puy Pury 


Auin+ = +. (2) 


0x10 Xk oxox Ox40X, 








Substituting here wz in terms of oy according to (5.12) and using (1), we obtain the re- 
quired equations: 
Woy 
al { oA oik l , 0. (3) 


ANNE 


These equintions remutin vahid in the presence of externat forces constant throughout the body. 
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Contracting equation (3) wah respect to the saties rand k, we tna that Aon Q, ie. 
on is a harmonic function. ‘Ualangethe Lapticiiar of eqaatiod (4), we thea find that A Agu 0, 
i.e. the components o; are biharmonic lunchons “Pheae results lollow also from (7.6) 
and (7.7), since cix and usg are linearly related. 


ProBLEM 10. Express the general integral of the equations of equilibrium (in the absence 
of body forces) in terms of an arbitrary biharmonic vector (B. G. GALERKIN 1930), 


SoLUTION. It is natural to seek a solution of equation (7.4) in the form 
= Af+A grad div f. 
Hence div u = (1+4) div Af. Substituting in (7.4), we obtain 
(1—20)A Af+[2(1— c)A+1] grad div Af = 0. 


From this we see that, if f is an arbitrary biharmonic vector (A Af = 0), then 





1 
u= Af Ai.) grad div f. 


Proutem Tf. Express the stresses o,r, Ogg» Org for a plane deformation (in polar co-ordinates 
1, p) as derivatives of the stress function. 

Sonerion, Since the required expressions cannut depend on the choice of the initial line 
of d, they do not contain ¢ explicitly. [lence we can proceed as follows: we transform the 
Cartesian derivatives (7.10) into derivatives with respect to r, $, and use the results that 
Hae (Gaz) g mos ogg = (ty) 4-0) ong = (szy)g-o5 the angle $ being measured from the x-axis. 
Thus 


Orr = 


- 1 dy 32y a ~ 2) 
2 age Tss = “aye Ka ae ad 


PROBLEM 12. Determine the stress distribution in an infinite elastic medium containing 
a spherical cavity and subjected to a homogeneous deformation at infinity. 


SOLUTION. A general homogeneous deformation can be represented as a combination of a 
homogeneous hydrostatic extension (or compression) and a homogeneous shear. The former 
has been considered in Problem 2, so that we need only consider a homogeneous shear. 

Vet oit” be rhe homogeneous stress field which would be found in all space if the cavity 


were absent: in a pure shear oif = 0. The corresponding displacement vector is denoted 
by ul) and we seck the required solution in the form u = ul)+ul), where the function ul) 
areinp Doni Ihe presence of the cavity is zero at infinity. 


Any solution of the biharmonic equation can be written as a linear combination of centrally 
vynunetrical solitons and their spatial derivatives of various orders. The functions r%, 

1, l/r are independent centrally symmetrical solutions. Hence the most general form of a 
bilarnionic vector u, depending only on the components of the constant tensor axl) 
as parameters and vanishing at infinity, is 


él a 1 33 
uh = Aci £) + Bop O- (- >) + Cog. (1) 
axy \ r 0x 40x,0%] ONjOXj,0%] 


Substituting this expression in equation (7.4), we obtain 





poe te E E aaa a 
Vea = — + + m= ; 
( “ Oxy2 Əxi Oxy ý SKI dxiðxr Oxy r 
whence A = —4C(1—¢). Two further relations between the constants A, B, C are obtained 


from the condition at the surface of the cavity: (foa ® | aa) — O torro- R(R being the 


$3 Kquilibrinm of an clastic mcdium bounded by a plane 25 


radius of the cavity, the origin at its centre, and n a unit vector parallel to r). A somewhat 
lengthy calculation, using (1), gives the following values: 


B = CRJ5,  C = 5R3(1+0)/2E(7—5o). 


The final expression for the stress distribution is 


an ae eat 





7~50 \r 7—5o0\7r 


15 /R\38 R\? 
ae (-) fe- (7) |(cai msm ox nyni) + 
7—50 ry 





A 


15 R\38 R\?2 
+ 2(7 —5) ( | | 5+7( =} \omOnnnnm + 


+ = £ fa 2 = s (0) 
Fe, í Go (=) ikOm Nm. 


In order to obtain the stress distribution for arbitrary c;x(°) (not a pure shear), vce!" itt 
this expression must be replaced by o¢x!°)—464% oul®, and the expression 








R3 
40,0 Su + zp - Sn) 


corresponding to a deformation homogeneous at infinity (cf. Problem 2) must be added. We 
may give here the general formula for the stresses at the surface of the cavity: 


15 
— 7-56 


Tik la — o) cit — oy nyng — orn) + 


+ om nynmning — Form nyrmdix + ~ig en = nm) 


Near the cavity, the stresses considerably exceed the stresses at infinity, but this extends 
over only a short distance (the concentration of stresses). For example, if the medium is 
subjected to a homogeneous extension (only ozz!°) different from zero), the greatest stress 
occurs on the equator of the cavity, where 


27—150 
azz = 27-50" 
§8. Equilibrium of an elastic medium bounded by a plane 


Let us consider an clastic medium occupying a half-space, i.e. bounded 
on one side by an infinite plane, and determine the deformation of the 
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medium caused by forces applied to its free surfaces} The distribution of 
these forces need satisfy only one condition: they must vanish at infinity in 
such a way that there is no deformation at infinity. In such a case the equa- 
tions of equilibrium can be integrated in a general form. 

The equation of equilibrium (7.4) holds throughout the space occupied 
by the medium: 


grad div u+(1—2¢)Au = 0. (8.1) 
We seek a solution of this equation in the form 


= f+gradd, (8.2) 


where ¢ is some scalar and the vector f satisfies LAPLACE’s equation: 


Af =0. (8.3) 


Substituting (8.2) in (8.1), we then obtain the following equation for ¢: 
2(1 — o)Ad = — divf. (8.4) 
We take the free surface of the elastic medium as the xy-plane; the medium 


is in z > 0. We write the functions fy and fy as the z-derivatives of some 
functions gz and gy: 


fu = gz] 0z, fy = gyl ez. (8.5) 


Since fy and fy are harmonic functions, we can always choose the functions 
Zz and gy so as to satisfy LAPLACE’s equation: 








Agz=0, Agy=0. (8.6) 
Equation (8.4) then becomes 
ð (dgr Oy 
2(1 — > ) 
Gene als oe oy 


Since gz, gy and fz are harmonic functions, we easily see that a function 
¢ which satisfies this equation can be written as 





p= +t) +y, (8.7) 


‘i — 9) Gi tae ay 
where ¢ is again a harmonic function: 


Ay = 0. (8.8) 


t The most direct and regular method of solving this problem ia to we Fomangts method on 
equation (8.1). In that case, however, some tiii ly coniplicsted iateynals bave to be calculated. "Phe 
method given below is based an a maaber ofm Ghal devices, but the cak olatinre me naplo, 
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Thus the problem of determining the displacctuent u reduces to that 
of finding the functions gz, gy, fz, %, all of which satisfy Lartacr’s equation, 
We shall now write out the boundary conditions which nust be satisfied! at 
the free surface of the medium (the plane z = 0). Since the unit outward 
normal vector n is in the negative z-direction, it follows from the gencral 
formula (2.8) that o;z = —P;. Using for og; the general expression (5.11) and 


expressing the components of the vector u in terms of the auxiliary quantitic: 
&2, Zy, fz and %, we obtain after a simple calculation the boundary condition: 


a aj 1-2 1 a, ô ays 
ole eae eae ty) al 
d22 1,9 Laxl21—c) 2(1—c)\ ax ay) delle» 

















02 ð 1-2 1 a 3 ous 
| | +| whe (s+ ot) 4.2 ai 
3z? Iz-9 Levi 2(1—o) 2(1—c)\ 3x ay as} lo 
al —2(1 + 0)Py/E, 
ð OL x Z) dp 
= 2 = —2(1+ o)PE. s.l 
Be aa ay 7 -E (1+ o)P./ (5.10) 


The components Pz, Py, Pz of the external forces applied to the surface are 
given functions of the co-ordinates x and y, and vanish at infinity. 

The formulae by which the auxiliary quantities gz, gy, fz ands were defined 
do not determine them uniquely. We can therefore impose an arbitrary 
additional condition on these quantities, and it is convenient to make the 
quantity in the braces in equations (8.9) vanish :} 











a, a, ð 
CEEA (a Bt) 4 4(1 — =e) (8.11) 
ax dy dz 
Then the conditions (8.9) become simply 
22 2(1 a 2(1 +o 
| d --- top, | =| oy in (8.12) 
dz? z0 E Out zao E 


Equations (8.10)-(8.12) suffice to determine completely the harmonie 
functions gz, Zy, fz and 4. 

For simplicity, we shall consider the case where the free surface of an 
elastic half-space is subjected to a concentrated force F, i.e. one which ts 
applied to an area so small that it can be regarded as a point. The cilect of 
this force is the same as that of surface forces given by P = F8(v)8(y), the 
origin being at the point of application of the force. If we know the solution 
for a concentrated force, we can immediately find the solution for any force 
distribution P(x, y). For, if 


a = Gula, y, Sk (8.13) 





t We shall not prove here that this condition cm in fact be baposed; this follows frome the absene 
of contredit fion in the aesoh. 
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is the displacement due to the action of a concentrated force F applied at 
the origin, then the displacement caused by forces P(x, y) is given by the 
integralt 


= | | Gix(x—x', yy’, 2)Pr(2', y") dx’ dy’. (8.14) 
We know from potential theory that a harmonic function f which is zero 


at infinity and has a given normal derivative 0f/@z on the plane z = 0 is 
given by the formula 


pera aje E 








r 
where 


r = Vie- P+- P+). 
Since the quantities 3gz/3ðz, 0gy/dz and that in the braces in equation (8.10) 
satisfy LarLace’s equation, while equations (8.10) and (8.12) determine the 
values of their normal derivatives on the plane z = 0, we have 


fe (4) 42 Bee a= Ax", I)a 











ox y Oz 
l+o F 
a Bee (8.15) 
mE r 
f) 1 F a 1 F 
te De i a i ae (8.16) 
oz mE r oz TE r 


where now 7 = y(x2+y?+ 2°). 

The expressions for the components of the required vector u involve the 
derivatives of gz, gy with respect to x, y, z, but not gz, gy themselves. To 
calculate dg,/0x, Og,/dy, we differentiate equations (8.16) with respect to 
x and y respectively: 

gy l+o Fyx gy l+o Fyy 


axdz nE? B?’ yz nE OB 








Now, integrating over z from œ to z, we obtain 
Og, l+o Fx 
ôx nE” r(r+ z2) 
Oy Ito Fy 
dy nE “r(r+2) 





(8.17) 





We shall not pause to complete the remaining calculations, which are 
elementary but laborious. We determine fz and 0/:/z from equations (8.11), 


t In mathematical terms, Gig is the Grxrn’s tensor for the equations of equilibriain of a semi-intinite 
medium. 
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(8.15) and (8.17). Knowing //ds, it is casy to calculate Ob/0x% and db/dy by 
integrating with respect to z and then differentiating with respect to x and y. 
We thus obtain all the quantities needed to calculate the displacement vector 
from (8.2), (8.5) and (8.7). The following are the final formulae: 


1+ E (1 mar A(1—o)r+s y 





Ux 











QrE\Lr  r(r+2) r(r+z) 7 
Tae Feta) 
“Gale may ae OP 
e a Mer, sry) 
t= Fall tal Feet al Pt 


In particular, the displacement of points on the surface of the medium is 
given by putting z = 0: 





l+ol 1—20)x 2ox 
4 {- CEER 4A- ort (Pet yk} 
r 





Me OnE t 
ised -2 2 
EEE {- O20) oy 4 21 o)Fy+ a Fat 3 y)), (8.19) 
2nE r r2 
l+ol 1 
maa [21 —0)F:+ (1—20) - (xFz+ yy}. 
2rE r r 


PROBLEM 


Determine the deformation of an infinite elastic medium when a force F is applied to a 
small region in it. f 


SoLuTIon. If we consider the deformation at distances r which are large compared with 
the dimension of the region where the force is applied, we can suppose that the force is 
applied at a point. The equation of equilibrium is (cf. (7.2)) 


2(1 + o) 


Au+ grad div u = — ee RO (1) 





1—20 


where 8(r) = 8(x)5(y)5(z), the origin being at the point where the force is applied. We seek 
the solution in the form u = uo +u, where uo satisfies the Poisson-type equation 


2(1 + o) 
Kman E, (2) 
E 
f The corresponding problem for an arbitrary infinite anisotropic medium bas been solved by 
I M. Larsnrrz and H- N. Rozenrsvida (Zhurnal &hspertnental not i teoretichesko paki 17, 784, 1947). 
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We then have for u; the equation 
grad div u1 + (1 — 20) Au = — grad div uo. (3) 


The solution of equation (2) which vanishes at infinity is uo = (1+ o)F/27Er. Taking the 
curl of equation (3), we have A curl u; = 0. At infinity we must have curl u, = 0. Buta 
function harmonic in all space and zero at infinity must be zero identically. Thus curl ui = 0, 
and we can therefore write u; = grad $. From (3) we obtain grad {2(1--c) AA¢+div uo} = 0, 
Hence it follows that the quantity in braces is a constant, and it must be zero at infinity; we 
therefore have in all space 


div uo l+o 
(1—0) — 4nE(1—-«) 








A$ F. grad (). 


If 4 is a solution of the equation Ay = 1/r, then 


l+o 
ġ = — —————F- grad ¥. 
4rE(1— o) 
Taking the solution } = $r, which has no singularities, we obtain 
1+0 (E e n)n—F 
8rE(l=0) or 
where n is a unit vector parallel to the radius vector r. The final result is 
l+o (3-—-40)F+n(n- F) 
~ 8sE1—c) r 


On putting this formula into the form (8.13) we obtain the GREEN’S tensor for the equa- 
tions of equilibrium of an infinite isotropic medium:t 


u; = grad ġ = 





u 








l+o ` 1 
k= E a ae 40)3ix + nina | 
1 [du 1 or 
~ ial r  4(1—o) al 


§9. Solid bodies in contact 


Let two solid bodies be in contact at a point which is not a singular point 
on either surface. Fig. la shows a cross-section of the two surfaces near 
the point of contact O. The surfaces have a common tangent plane at O, 
which we take as the xy-plane. We regard the positive z-direction as being 
into either body (i.e. in opposite directions for the two bodies) and denote 
the corresponding co-ordinates by z and 2’. 


+ The fact that the components of the tensor Gik are first-order homogeneous frnetions of the co- 
ordinates x, y, æ is evident from arguments of homogencity wpplied to the form of eqruttion (1), where 
the left-hand side is a linear combination of the second derivatives of the components of the vector u, 
and the right-hand side is a third-order honiopeiucous douction (far) a F8Cry), 

"Phis property remains valid in tbe peneral case of abou bituuy masotiopie medtnu. 
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Near a point of ordinary contact with the wy-plane, the equation of the 
surface can be written 
Z = Kapak p (9.1) 
where summation is understood over the values 1, 2, of the repeated suflixes 
a, B (x1 = x, x2 = y), and k,g is a symmetrical tensor of rank two, which 
characterises the curvature of the surface: the principal valucs of the tensor 
Kap are 1/2Rı and 1/2R2, where R; and Re are the principal radii of curvatuie 
of the surface at the point of contact. A similar relation for the surface ol 
the other body near the point of contact can be written 


Z = Ky gXyhp. (9.2) 

Let us now assume that the two bodies are pressed together by applied 
forces, and approach a short distance A.t Then a deformation oceurs neat 
the original point of contact, and the two bodies will be in contact over a 
small but finite portion of their surfaces. Let uz and u'z be the components 
(along the z and g’ axes respectively) of the corresponding displacement! 
vectors for points on the surfaces of the two bodies. The broken lines 


(a) 











Fic. 1 


in Fig. 1b show the surfaces as they would be in the absence of any defornin 
tion, while the continuous lines show the surfaces of the deformed bodies; the 
letters z and z’ denote the distances given by equations (9.1) and (9.2). It 
is seen at once from the figure that the equation 


t + = h, 
i (z+uz)+ (2 +u'z) 


(Kapt K'ap XaX pt Uzta = h, (9.3) 





t This cantact prohfem in the theory of ebmtoty w Inst solved by T Thais, 
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holds everywhere in the region of contact. At points outside the region of 
contact, we have 
B+2 +uzt+u, < h. 
We choose the x and y axes to be the principal axes of the tensor k,g + K'ap- 
Denoting the principal values of this tensor by A and B,f we can rewrite 
equation (9,3) as 


Ax® + By? +uz+u'z = A. (9.4) 


We denote by P(x, y) the pressure between the two deformed bodies at 
points in the region of contact; outside this region, of course P; = 0. To 
determine the relation between P, and the displacements uz, u'z, we can 
with sufficient accuracy regard the surfaces as plane and use the formulae 
obtained in §8. According to the third of formulae (8.19) and (8.14), the 
displacement uz under the action of normal forces P,(x, y) is given by 


5 2 P. 7 ra 
uz = : Tf axy") dx’ dy’, 
TE r 


1— 9, P. S 1 
u'z = a Tf x y ) dx’ dy’, 
TE’ r 


where c, o’ and E, E’ are the Poisson’s ratios and the YouNG’s moduli of the 
two bodies. Since P; = 0 outside the region of contact, the integration ex- 
tends only over this region. It may be noted that, from these formulae, the 
ratio uz/u’z is constant: 





(9.5) 





uz/u’, = (1-02) E'[(1— o'2)E. (9.6) 


The relations (9.4) and (9.6) together give the displacements uz, u'z at every 
point of the region of contact (although (9.5) and (9.6), of course, relate to 
points outside that region also). 

Substituting the expressions (9.5) in (9.4), we obtain 


em —)[ Pe dx’ dy’ = h—-Ax®—By?, (9.7 
Se = A—-AxXe— A . 
A E F 7 me 4 ) 





The quantities A and B are related to the radii of curvature R,, R, and R’;, R'a b 
Df vg DY 


1 1 
2(4 + B) = Reek 


+ ; 
Ri R Ry R2 
1 1% 1 1% 
4{4-B} = ( ) +( ) F 











R Re Ri R2 
2 cos 2% 1 1 1 1 
+2 cos = — p 
R, Re/\Ry R2 
where ¢ is the angle between the normal sectians whase radii of curvature are R, and R3. 
The radii of curvature are regarded as positive if the centre of curvature les within the body con- 


cerned, and nepative in the contrary cae. 
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This integral equation determines the distribution of the pressure Pz over 
the region of contact. Its solution can be found by analogy with the following 
results of potential theory. The idea of using this analogy arises as follows: 
firstly, the integral on the left-hand side of equation (9.7) is of a type com- 
monly found in potential theory, where such integrals give the potential of a 
charge distribution; secondly, the potential inside a uniformly charged 
ellipsoid is a quadratic function of the co-ordinates. 

If the ellipsoid x?/a? + y?/b? + 2?/c2 = 1 is uniformly charged (with volume 
charge density p), the potential in the ellipsoid is given by 


P(x, y, z) 


= be fhi E dg - 
= mpa a @+e bht ACR Cer Cel 





In the limiting case of an ellipsoid which is very much flattened in the 
z-direction (c > 0), we have 


ioe) 


the E x2 y? dé 
H(z, y) = mpabe J fı | 


+e BHEAN 


in passing to the limit c > 0 we must, of course, put z = 0 for points inside 
the ellipsoid. The potential ¢(«, y, z) can also be written as 


ed jf] (ee a a E 
NARE J J J vi-s + (yy +e- 


where the integration is over the volume of the ellipsoid. In passing to the 
limit c > 0, we must put z = 2’ = 0 in the radicand; integrating over 3’ 
between the limits 


+ ey {1 = (x'a?) (7/89), 
sa) = zf Z ha- N, 


r = yi- +O- 


we obtain 





where 


and the integration is over the area inside the ellipse 


x24 y2 -. 1. 
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Equating the two expressions for ¢(x, y), we obtain the identity 
dx’ od f x2 y? ) 
Í Í r ( a b2 


y? dé 
E -rafi Gs T ey V(a+H(P+O on) 


Comparing this rales with equation (9.7), we see that the right-hand 
sides are quadratic functions of x and y of the same form, and the left-hand 
sides are integrals of the same form. We can therefore deduce immediately 
that the region of contact (i.e. the region of integration in (9.7)) is bounded 
by an ellipse of the form 








x2 y2 
Tu AG (9.9) 
and that the function P(x, y) must ee of the form 
P(x, y) = constant x J (1 Cae 5). 


Taking the constant such that the integral ffP} dx dy over the region of 
contact is equal to the given total force F which moves the bodies together, 
we obtain 


3F 
Pett, 9) = 5 (1-=-2). 


ae (9.10) 


This formula gives the distribution of pressure over the area of the region of 
contact It may be pointed out that the pressure at the centre of this region 
is $ times the mean pressure F/zab. 

Substituting (9.10) in equation (9.7) and replacing the resulting integral 
in accordance with (9.8), we obtain 


“=f (1 > -n a) dé//{(a2 + Eb? + E)E} 
0 


= h—Ax?— By?, 


where 








This equation must hold identically for all valucs of x and y inside the 
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ellipse (9.9); the coefficients of x and y and the free terms must therefore be 
respectively equal on each side. Hence we find 











, f dé 9.11 
T a S VEFE = 
pare? f dg 
7 We PHOS (0.12) 
_ ED f dg 
m J HEVIEE 


Equations (9.12) determine the semi-axes a and b of the region of contact 
from the given force F (A and B being known for given bodies). ‘I'he 
relation (9.11) then gives the distance of approach / as a function of the forev 
F. The right-hand sides of these equations involve elliptic integrals. 

Thus the problem of bodies in contact can be regarded as completely 
solved. The form of the surfaces (i.e. the displacements uz, u'z) outside the 
region of contact is determined by the same formulae (9.5) and (9.10); the 
values of the integrals can be found immediately from the analogy with the 
potential outside a charged ellipsoid. Finally, the formulae of §8 enable us to 
find also the deformation at various points in the bodies (but only, of course, 
at distances small compared with the dimensions of the bodies). 

Let us apply these formulae to the case of contact between two spheres of 
radii R and R’. Here A = B = 1/2R+1/2R’. It is clear from symmetry 
that a = b, i.e. the region of contact is a circle. From (9.12) we find the 
radius a of this circle to be 


a = FYXDRR' A(R +R). (9.13) 


his in this case the difference between the sum R+ R’ and the distance be- 
tween the centres of the spheres. From (9.10) we obtain the following 
relation between F and A: 


1 1\71/3 
a= Peso) 9.14 

| z R Sa 
It should be noticed that % is proportional to F2/3; conversely, the foree / 


varies as 43/2, We can write down also the potential energy U of the spheres 
in contact. Since — F = —dU/dh, we have 


/2, 2 RR’ € 
TER SJEF (9.15) 


Finally, it may be mentioned that a relation of the form 4 == constant x P28 
or F = constant x 43/2, holds not only for spheres but also for other finite 
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bodies in contact. This is easily seen from similarity arguments. If we make 
the substitution 


a > ga’, b2 > ab?, F > o3/2F, 


where « is an arbitrary constant, equations (9.12) remain unchanged. In 
equation (9.11), the right-hand side is multiplied by «, and so h must be 
replaced by «4 if this equation is to remain unchanged. Hence it follows 
that F must be proportional to 43⁄2. 


PROBLEMS 
PROBLEM 1. Determine the time for which two colliding elastic spheres remain in contact. 
SoLUTION. In a system of co-ordinates in which the centre of mass of the two spheres is 
at rest, the energy before the collision is equal to the kinetic energy of the relative motion 
$pv", where v is the relative velocity of the colliding spheres and p = m,m,/(m,-+-m,) their 
reduced mass. During the collision, the total energy is the sum of the kinetic energy, which 
may be written $4, and the potential energy (9.15). By the law of conservation of energy 


we have 
dh\ 2 pjan A k 4 RR’ 
— -+ = a = — —, 
j & ae 5DN R+R 


The maximum approach hy of the spheres corresponds to the time when their relative velocity 
h= 0, and is ky = (p[k) ou", 
The time 7 during which the collision takes place (i.e. h varies from 0 to ky and back) is 


-mog Gis) 7G) 


By using the statical formulae obtained in the text to solve this problem, we have neglected 
elastic oscillations of the spheres resulting from the collision. If this is legitimate, the velocity 
v must be small compared with the velocity of sound. In practice, however, the validity of 
the theory is limited by the still more stringent requirement that the resulting deformations 
should not exceed the elastic limit of the substance. 


Prosiem 2. Determine the dimensions of the region of contact and the pressure distri- 
bution when two cylinders are pressed together along a generator. 


SoLUTION. In this case the region of contact is a narrow strip along the length of the 
cylinders. Its width 2a and the pressure distribution across it c# be found from the formulae 
in the text by going to the limit b/a > œ. The pressure distribution will be of the form 
P(x) = constant x 4/(1 —x?/a"), where x is the co-ordinate across the strip; normalising 
the pressure to give a force F per unit length, we obtain 


ETE 


Substituting this expression in (9.7) and effecting the integration by means of (9.8), we have 


-ef dé 8DF 


(a | EPRE Bra 
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One of the radii of curvature of a cylindrical surface is infinite, and the other is the sudni, 
of the cylinder; in this case, therefore, A = 1/2R+1/2R’, B = 0. We have finally for the 


width of the region of contact 
J 16DF RR ) 
a= : = 
( 3n R+R 


§10. The elastic properties of crystals 





The change in the free energy in isothermal compression of a crystal is, as 
with isotropic bodies, a quadratic function of the strain tensor. Unlike what 
happens for isotropic bodies, however, this function contains not just (wo 
coefficients, but a larger number of them. The general form of the free energy 
of a deformed crystal is 


F = aimtixtim, (10.1) 


where Aizim iS a tensor of rank four, called the elastic modulus tensor. Since 
the strain tensor is symmetrical, the product ujxt1m is unchanged when the 
suffixes 7, k, or L, m, ori, L and k, m, are interchanged, Hence we sce that the 
tensor Axim can be defined so that it has the same symmetry properties : 


Nexim = Arim = Niemi = Amik- (10.2) 


A simple calculation shows that the number of different components of a 
tensor of rank four having these symmetry properties is in general 21. 

In accordance with the expression (10.1) for the free energy, the stress 
tensor for a crystal is given in terms of the strain tensor by 


Cin = OF [Oui = Nximtim3 (10.3) 


cf. also the last footnote to this section. 

If the crystal possesses symmetry, relations exist between the various 
components of the tensor Aixim, so that the number of independent com 
ponents is less than 21. 

We shall discuss these relations for each possible type of macroscopic 
symmetry of crystals, i.e. for each of the crystal classes, dividing these into the 
corresponding crystal systems. 

(1) Triclinic system. Triclinic symmetry (classes Cy and C;) docs not place 
any restrictions on the components of the tensor Aggim, and the system of co 
ordinates may be chosen arbitrarily as regards the symmetry. All the 21 
moduli of elasticity are non-zero and independent. However, the arbitrariness 
of the choice of co-ordinate system enables us to impose additional conditions 
on the components of the tensor A;x7»,. Since the orientation of the co-ordinate 
system relative to the body is defined by three quantities (angles of rotation), 
there can be three such conditions; for example, three of the components may 
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be taken as zero. Then the independent quantities which describe the clastic 
properties of the crystal will be 18 non-zero moduli and 3 angles defining the 
orientation of the axes in the crystal. 


(2) Monoclinic system. Let us consider the class C's; we take a co-ordinate 
system with the xy-plane as the plane of symmetry. On reflection in this 
plane, the co-ordinates undergo the transformation x > x, y >y, 2 > —2. 
The components of a tensor are transformed as the products of the corres- 
ponding co-ordinates. It is therefore clear that, in the transformation men- 
tioned, all components Aixim whose suffixes include z an odd number of 
times (1 or 3) will change sign, while the other components will remain un- 
changed. By the symmetry of the crystal, however, all quantities characterising 
its properties (including all components Axm) must remain unchanged on 
reflection in the plane of symmetry. Hence it is evident that all components 
with an odd number of suffixes z must be zero. Accordingly, the general 
expression for the elastic free energy of a crystal belonging to the monoclinic 
system is 





F = §Xgaxattan? + dAryyyytyy? + brcczatlze” + Axcyylaattyy + Axcetlartlee + 
+ Ayyzellyyllez + Agyxytay? + 2A gerne? + 2Àyzyzltyz? + Waerylxctley + 
+ Wyyyrttyyttya + 2Azyztlaylles + 4Àzzyzt ryz (10.4) 


This contains 13 independent coefficients. A similar expression is obtained 
for the class C2, and also for the class Cen, which contains both symmetry 
elements (C2 and on). In the argument given, however, the direction of only 
one co-ordinate axis (that of z) is fixed; those of x and y can have arbitrary 
directions in the perpendicular plane. This arbitrariness can be used to make 
one coefficient, say Azyzz, vanish by a suitable choice of axes. Then the 13 
quantities which describe the elastic properties of the crystal will be 12 non- 
zero moduli and one angle defining the orientation of the axes in the xy-plane. 

(3) Orthorhombic system. In all the classes of this system (C2, D2, Den) the 
choice of co-ordinate axes is determined by the symmetry, and the expression 
obtained for the free energy is the same for each class. 

Let us consider, for example, the class Dən; we take the three planes of 
symmetry as the co-ordinate planes. Reflections in each of these planes are 
transformations in which one co-ordinate changes sign and the other two 
remain unchanged. It is evident therefore that the only non-zero components 
Aixım are those whose suffixes contain each of x, y, z an even number of times; 
the other components would have to change sign on reflection in some plane 
of symmetry. Thus the general expression for the free energy in the ortho- 
rhombic system is 


F = dgrrattan® +hAyyyyttyy? + rzcedllzr” + Azryylaatlyy + Acxettartter + 


F Ayyedtlyytlez oe 2Azyryltxy” + 2Axzrettxe® + 2Àyzyztlyz?. (10.5) 


It contains nine moduli of elasticity. 


§10 The elastic propertics of crystals 39 


(4) Tetragonal system. Let us consider the class C4y; we take the axis C'a 
as the z-axis, and the x and y axes perpendicular to two of the vertical 
planes of symmetry. Reflections in these two planes signify transformations 


x > x, yoy, z —>z 
and 
x >x, you-y, B> By, 


all components A;x7m with an odd number of like suffixes therefore vanish. 
Furthermore, a rotation through an angle 47 about the axis C4 is the trans- 
formation 


x >y, y > —x, z>z. 
Hence we have 


Àzzzz z Àyyyv Àzzzz PE Ayyzes Àzzzz = Àyzyz: 


The remaining transformations in the class Cy, do not give any furthvi 
conditions. Thus the free energy of crystals in the tetragonal system: is 


F= Przzelzr + yy?) +4Arzzz2ltze” +Axzed(Urrtzz + Uyytlez) F 
+ Agzyytlartlyy + 2Azyzyltcy? + 2WAzex2(Ure® + Uy2?). (10.6) 


It contains six moduli of elasticity. 


A similar result is obtained for those other classes of the tetragonal system 
where the natural choice of the co-ordinate axes is determined by symnicty 
(Dea, Da, Dan). In the classes Cy, S4, Can, on the other hand, only the choice 
of the z-axis is unique (along the axis Cy or Sy). The requirements of symmet y 
then allow a further component Agzzy = —Ayyyz in addition to those which 
appear in (10.6). These components may be made to vanish by suitably 
choosing the directions of the x and y axes, and F then reduces to the form 
(10.6). 


(5) Rhombohedral system. Let us consider the class C3,; we take the thiid 
order axis as the z-axis, and the y-axis perpendicular to one of the vertical 
planes of symmetry. In order to find the restrictions imposed on the com 
ponents of the tensor A;zim by the presence of the axis C3, it is convenient 
to make a formal transformation using the complex co-ordinates £ w | sy, 
n = x—iy, the z co-ordinate remaining unchanged. We transform the 
tensor Àixīm to the new co-ordinate system also, so that its suflixes take the 
values £é, 7, z. It is easy to see that, in a rotation through 27/3 about the 
axis C3, the new co-ordinates undergo the transformation & -> fe%«l/s, 
y > ne 2nt/3, z >z. By symmetry only those components Arx which are 
unchanged by this transformation can be different from zero. ‘These com 
ponents are evidently the ones whose suffixes contain £ three times, or 7 
three times (since (e27#/3)3 = eri -= 1), or and y the same number of times 
(since €27#/3e-2-4/3 = 1), ie. Azzzzy Atyp Atiy Ayres Alz Atike Aynyr- 
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Furthermore, a reflection in the synuuctry plane perpendicular to the y-axis 
gives the transformation x > x, y > —y, x ->2, or É >n, ņn > €. Since 
Agegz becomes rane in this transformation, these two components must be 
equal. Thus crystals of the rhombohedral system have only six moduli of 
elasticity. In order to obtain an expression for the free energy, we must form 
the sum 4A;x1mUixtlim, in which the suffixes take the values é, y, z; since F 
is to be expressed in terms of the components of the strain tensor in 
the co-ordinates x, y, z, we must express in terms of these the components 
in the co-ordinates é, y, z. This is easily done by using the fact that the 
components of the tensor uix transform as the products of the corresponding 
co-ordinates. For example, since 


E = (x+ iy) = x?— y? + Dixy, 
it follows that 


Ugg = Ugg —Uyy t itry. 
Consequently, the expression for F is found to be 


F = $Aezzzzz? + 2Àeyey (Uza +Uyy)? + Aceng (Uze ~üyy)}? + 4u zy?) + 
+ 2Xenzz(Uxx + Uyy)Uzz + 4X genz(Uare” + Uyz”) + Nee (Uza = Uyy)Uxz _ 2Uzyllyz}- 
(10.7) 


This contains 6 independent coefficients. A similar result is obtained for the 
classes Dg and Dgq, but in the classes C3 and S6, where the choice of the x and y 
axes remains arbitrary, requirements of symmetry allow also a non-zero value 
of the difference Agere —Ayyyz- This, however, can be made to vanish by a 
suitable choice of the x and y axes. 


(6) Hexagonal system. Let us consider the class Cg; we take the sixth- 
order axis as the z-axis, and again use the co-ordinates é = x+1y, n = x—1y. 
In a rotation through an angle 47 about the z-axis, the co-ordinates é, 7 
undergo the transformation é > e7?/3, n -» ne-"*/3, Hence we see that only 
those components Ajxim are non-zero which contain the same number of 
suffixes é and n. These are Àzzzz, Agyeqs Àtenp Agenza Agzz- Other symmetry 
elements in the hexagonal system give no further restrictions. There are 
therefore only five moduli of elasticity. The free energy is 


F= HAzzeellzz® + Weneg(Uax + Uyy)? +Aceny| (Uze uyy) +4uzy’] + 
+ Qeqzeltze(Uax + Uyy) + 4X rene( U zz? + yz”). (10.8) 
It should be noticed that a deformation in the xy-plane (for which uzz, 
Uyy and uzy are non-zero) is determined by only two moduli of elasticity, 
as for an isotropic body; that is, the elastic properties of a hexagonal crystal 
are isotropic in the plane perpendicular to the sixth-order axis. 
For this reason the choice of axis directions in this plane is unimportant and 


does not affect the form of F. The expression (10.8) therefore applies to all 
classes of the hexagonal system. 
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(7) Cubic system. We take the axes along the three fourth-order axcs of 
the cubic system. Since there is tetragonal symmetry (with the fourth-order 
axis in the z-direction), the number of different components of the tensor 
Àixım is limited to at most the following six: Azzrz, Azzzay Azzzz, szym Axyry 
Axzxz- Rotations through $r about the x and y axes give respectively the 
transformations x > %, y > —2, z >y, and x >z, y >y, z > --x. ‘The 
components listed are therefore equal in successive pairs. Thus there remain 
only three different moduli of elasticity. The free energy of crystals of the 
cubic system is 





F = 3Azarxq(terg? + Uyy? + Uz?) +rgayy(Ucatlyy + Urruz + Uyytzz) + 
+ 2Nayay(Uxy? + Ure” +Uyz”). (10.9) 


We may recapitulate the number of independent parameters (elastic moduli 
or angles defining the orientation of axes in the crystal) for the classes of the 
various systems: 


Triclinic 21 
Monoclinic 13 
Orthorhombic 9 
Tetragonal (C4, S4, Can) 7 
Tetragonal (Cav, Dea, Da, Dan) 6 
Rhombohedral (C3, S6) 7 
Rhombohedral (C3,, Ds, Dza) 6 
Hexagonal 5 
Cubic 3 


The least number of non-zero moduli that is possible by suitable choice of 
the co-ordinate axes is the same for all the classes in each system: 


Triclinic 18 
Monoclinic 12 
Orthorhombic 9 
Tetragonal 6 
Rhombohedral 6 
Hexagonal 5 
Cubic 3 


All the above discussion relates, of course, to single crystals. Polycrystalhne 
bodies whose component crystallites are sufliciently small may be regarded 
as isotropic bodies (since we are concerned with deformations in regions 
large compared with the dimensions of the crystallites). Like any isotropic 
body, a polycrystal kas only two moduli of clasticity. It might be thought at 
first sight that these moduli could be obtained froin those of the individual 
crystallites by simple averaging. This is not so, however. If we regard the 
deformation of a polycrystal as the result of a deformation of its component 
crystallites, it would in principle be necessary to solve the equations of 
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equilibrium for every crystallite, taking into account the appropriate boun- 
dary conditions at their surfaces of separation. I]ence we see that the relation 
between the elastic properties of the whole crystal and those of its component 
crystallites depends on the actual form of the latter and the amount of correla- 
tion of their mutual orientations. There is therefore no general relation 
between the moduli of elasticity of a polycrystal and those of a single crystal 
of the same substance. 

The moduli of an isotropic polycrystal can be calculated with fair accuracy 
from those of a single crystal only when the clastic properties of the single 
crystal are nearly isotropic.t In a first approximation, the moduli of elasticity 
of the polycrystal can then simply be put equal to the “isotropic part” of the 
moduli of the single crystal. In the next approximation, terms appear which 
are quadratic in the small “anisotropic part” of these moduli. It is foundt 
that these correction terms are independent of the shape of the crystallites 
and of the correlation of their orientations, and can be calculated in a general 
form. 

Finally, let us consider the thermal expansion of crystals. In isotropic 
bodies, the thermal expansion is the same in every direction, so that the 
strain tensor in free thermal expansion is (see §6) wiz = 4a(T— To)ôix, where 
a is the thermal expansion coefficient. In crystals, however, we must put 


uir = 4o4n(T— To), (10.10) 


where «4; is a tensor of rank two, symmetrical in the suffixes z and k. Let us 
calculate the number of independent components of this tensor in crystals 
of the various systems. The simplest way of doing this is to use the result of 
tensor algebra that to every symmetrical tensor of rank two there corresponds 
a tensor ellipsoid.§ It follows at once from considerations of symmetry that, 
for triclinic, monoclinic and orthorhombic symmetry, the tensor ellipsoid has 
three axes of different length. For tetragonal, rhombohedral and hexagonal 
symmetry, on the other hand, we have an ellipsoid of revolution (with its 
axis of symmetry along the axes C4, C3 and Ce respectively). Finally, for cubic 
symmetry the ellipsoid becomes a sphere. An ellipsoid of three axes is 
determined by three quantities, an ellipsoid of revolution by two, and a 
sphere by one (the radius). Thus the number of independent components 
of the tensor « in crystals of the various systems is as follows: triclinic, 
monoclinic and orthorhombic, 3; tetragonal, rhombohedral and hexagonal, 2; 
cubic, 1. 

Crystals of the first three systems are said to be biaxial, and those of the 
second three systems uniaxial. It should be noticed that the thermal expan- 
sion of crystals of the cubic system is determined by one quantity only, i.e. 
they behave in this respect as isotropic bodies. 


t For a “nearly isotropic’ cubic crystal (e.g.), the difference Arzrz —Agryy— 2Acyxy must be small. 
I.M. Larsnrrz and L. N. Rozenrsvila, Zhurnal dkspertmenjal nad i teoreyicheshol liziki 16,967, 1946, 
§ Determined by the equation a, Aga 1. 
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PROBLEM 


Determine the YouNG’s modulus of a cubic crystal as a function of direction. 


SoLuTION. We take the axes of co-ordinates along the three axes of the fourth order. Tart 
the axis of a rod cut from the crystal be in the direction of the unit vector n. ‘The stross 
tensor cix in the extended rod must satisfy the following conditions: when ox is multiplied 
by n, the resulting extension force must be parallel to n (condition at the ends of the rod); 
when it is multiplied by a vector perpendicular to n, the result must be zero (condition on the 
sides of the rod). Such a tensor must be of the form cir = pnjnx, where p is the extension 
force per unit area of the ends of the rod. Calculating the components cix by means of the 
expression (10.9) for the free energy} and comparing them with the formulae oix == pr,ue, 
we find the components of the strain tensor to be 


7 (c1 + 2c2)ng? — c2 


> 
(c1 —c2)(c1 + 2c2) 
and similarly for the remaining components. Here we have put Azgez = Cy, Arxryy `` ¢ 
Acysy = Cs- 
The relative longitudinal extension of the rod is u = (dl’—dl)/dl, where dl’ is given by 
formula (1,2) and dx;/dl = n; For small deformations this gives u = uixnine. The Younes. 
modulus is determined by the coefficient of proportionality in p = Hu, and is 


E | ee +(- 2 Jn Iny + nange +n mn) | | 
(cı +2c2)(c1— c2) c3 c1— c2 oe woe os f 


E has extremum values in the directions of the edges (i.e. of the co-ordinate axes) and of the 
spatial diagonals of the cube. 





Urz Ugy = Pnrny|2c3, 





t In calculating cik, the following fact must be borne in mind. If we effect the calculation, not 
directly from the formulae og, = Asx1mtim, but by differentiation of the expression for the free cnenpy 
with respect to the components of the tensor uig, the derivatives with respect to wiz with 7 z k give 
twice the values of the corresponding components ciy. This is because the expressions oip — O1/Ou,4 
are meaningful only as indicating that dF = ciy dujx; in the sum osr duge, however, the term in the 
differential dugz for each component with i + k of the symmetrical tensor uiy appears twice. 


CHAPTER II 


THE EQUILIBRIUM OF RODS AND PLATES 


§11. The energy of a bent plate 


In this chapter we shall study some particular cases of the equilibrium of 
deformed bodies, and we begin with that of thin deformed plates. When we 
speak of a thin plate, we mean that its thickness is small compared with its 
dimensions in the other two directions. The deformations themselves are 
supposed small, as before. In the present case the deformation is small if the 
displacements of points in the plate are small compared with its thickness. 

The general equations of equilibrium are considerably simplified when 
applied to thin plates. It is more convenient, however, not to derive these 
simplified equations directly from the general ones, but to calculate afresh 
the free energy of a bent plate and then vary that energy. 

When a plate is bent, it is stretched at some points and compressed at 
others: on the convex side there is evidently an extension, which decreases 
as we penetrate into the plate, finally becoming zero, after which a gradually 
increasing compression is found. The plate therefore contains a neutral 
surface, on which there is no extension or compression, and on opposite sides 
of which the deformation has opposite signs. The neutral surface clearly 
lies midway through the plate. 








Fic. 2 


We take a co-ordinate system with the origin on the neutral surface and the 
z-axis normal to the surface. The xy-plane is that of the undeformed plate. 
We denote by ¢ the vertical displacement of a point on the neutral surface, 
i.e. its z co-ordinate (Fig. 2). The components of its displacement in the 
xy-plane are evidently of the second order of smallness relative to ¢, and can 
therefore be put equal to zero. Thus the displacement vector for points on the 
neutral surface is 


u,9 = 1, = 0, u,0 = C(x, y). (11.1) 
4 
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For further calculations it is necessary to note the following property of 
the stresses in a deformed plate. Since the plate is thin, comparatively small 
forces on its surface are needed to bend it. These forces are always consider- 
ably less than the internal stresses caused in the deformed plate by the ex- 
tension and compression of its parts. We can therefore neglect the forces Py 
in the boundary condition (2.8), leaving oi, = 0. Since the plate is only 
slightly bent, we can suppose that the normal vector n is along the z-axis. 
Thus we must have on both surfaces of the plate ozz = oyz = ozz = Q. Since 
the plate is thin, however, these quantities must be small within the plate 
if they are zero on each surface. We therefore conclude that the components 
Ozz» Fyz, Gzz are small compared with the remaining components of the stress 
tensor everywhere in the plate. We can therefore equate them to zero and 
use this condition to determine the components of the strain tensor. 

By the general formulae (5.13), we have 





E E 
= Uzr, SS > 
Oza fie Za Gzy i+ wey 
(11.2) 
= ———____{(1— ojuz + +Uyy)}. 
Ozz ETEEN zz + (Ure + Uyy)} 
Equating these expressions to zero, we obtain duz/0z = —du,/0x, 


duy/0z = — buz/0y, Uzz = — o(Uzz+Uyy)/(1— 0). In the first two of these 
equations uz can, with sufficient accuracy, be replaced by ¢(x, y):dug/0 
— 06] 0x, Ouy/dz = — 0¢/ay, whence 


Uy = —z OC/Ox, uy = — z ðtjðy. (11.3) 
The constants of integration are put equal to zero in order to make 
Uz = uy = 0 for z = 0. 


Knowing uz and uy, we can determine all the components of the strain 
tensor: 


Ugg = — 202C/0x2, Uyy = —xd2L/dy?, Uy = — 20°C/dxdy, 


o BL ok (11.4) 
ea! y =) 





Ugz = Uyz = 0, Uzz = 


We can now calculate the free energy F per unit volume of the plate, using 
the general formula (5.10). A simple calculation gives the expression 


E 1 ae 22 a2 \2 a24 azz 
2 | ( + ) +N ) - |}. (11.5) 

1+ cl2(1—«) \ 3x? ay? xay Ox? dy? 
The total free energy of the plate is obtaincd by integrating over the volume. 
The integration over z is from - 4h to 4 4h, where his the thickness of the 
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plate, and that over x, y ts over the surface of the plate. ‘The result is that 
the total free energy F pı = [F dV of a deformed plate is 


m= aa a) J [Cae * 


aE- EEan ma 


the element of area can with sufficient accuracy be written as dx dy simply, 
since the deformation is small. 

Having obtained the expression for the free energy, we can regard the plate 
as being of infinitesimal thickness, i.e. as being a geometrical surface, since 
we are interested only in the form which it takes under the action of the 
applied forces, and not in the distribution of deformations inside it. The 
quantity ¢ is then the displacement of points on the plate, regarded as a surface, 
when it is bent. 








§12. The equation of equilibrium for a plate 


The equation of equilibrium for a plate can be derived from the condition 
that its free energy is a minimum. To do so, we must calculate the variation 
of the expression (11.6). 

We divide the integral in (11.6) into two, and vary the two parts separately. 
The first integral can be written in the form f(A 4)? df, where df = dx dy 
is a surface element and A = 0?/dx2+ 02/dy? is here (and in §§13, 14) the 
two-dimensional Laplacian. Varying this integral, we have 


stfad = fatast df 


J At div grad 3¢ df 


I! 


= fdiv(A¢ grad ôt) df— [grad èt - grad AL df. 


All the vector operators, of course, relate to the two-dimensional co-ordinate 
system (x, y). The first integral on the right can be transformed into an 
integral along a closed contour enclosing the plate: 


[div (AS grad8<) df = $ Au(n- grad dt) dl 


= os ar 
= $a y 


where 3/3n denotes differentiation along the outward normal to the contour. 


t The transformation formula for two-dimensional integrals is exactly analogous to the one for three 
dimensions. The volume element dV is replaced by the surface element df (a scalar), and the surface 
element df is replaced by a contour element d/ multiplied by the vector n along the outward normal to 
the contour. The integral over df is converted iuto one over d/ by replacing the operator dfé/éxe by 
malf. For instance, Wop is a scalar, we have | grad 4 df pdm cil. 
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In the second integral we use the same transformation to obtain 
[grad 86+ grad AC df = [div (ôt grad Af) df— fac ar df 
= f8{(n- grad At) di- fatat df 
a 
= faet ar- fatar af 
on 
Substituting these results, we find that 
afao df = fraz df— fae d+ g ae dl. (12.1) 


The transformation of the variation of the second integral in (11.6) «. 
somewhat more lengthy. This transformation is conveniently effected in 
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components, and not in vector form. We have 


a2z \2 ger g2 
ea) ~ ae el 
oxdy Ox? dy? 
5 a2% ðE 32% PSE 28t a2 
f ee Oxdy ax? ay? Ox? =| 











The integrand can be written 


aat a2 aSL aty a ASL af E a2 
= a axdy 3y = 








Oy axdy dx dy? 


i.e. as the (two-dimensional) divergence of a certain vector. The variation 
can therefore be written as a contour integral: 


f\Ge) - alt SNe ae aa 


08g 02 056 02 
+ hal cos a ag oe — a. “A (12.2) 
ay dxdy Ox ay 








where @ is the angle between the x-axis and the normal to the contour (Fig. 3). 
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The derivatives of ô¢ with respect to x and y are expressed in terms of 
its derivatives along the normal n and the tangent 1 to the contour: 





G] ers 
= cos sin 6—, 
n al 
f2] 0 
— = sin ĝ— + cosĝ—. 
h) on al 


Then formula (12.2) becomes 


*{\(Ge) a 











VIA OHA . _ @2É CHA 
= ier 2 sin @ vos 0 sin26 cos26. + 
axdy 3x2 ay? 
ast ae at 2t 
+ ai sin f cos 0| — — —]} +(cos?@— sin*é). ; 
al 3y? Ax? way 


The second integral may be integrated by parts. Since it is taken along a 
closed contour, the limits of integration are the same point, and we have 
simply 

af = a2 


-faist [sind cose ( £5 - a oes 


=a) + (cos?0 — sin2@) Z. 
xoy 
Collecting all the above expressions and multiplying by the coefficients 
shown in formula (11.6), we obtain the following final expression for the 
variation of the free energy: 


ee at aae PET 
-pst Ja (1 oy [sino cos (5 = =) as 


+ (cos?0 — sin] + 
oxdy 





as dl A€+(1—){2 sin @ cos 8 = 
— — n 0 cos - 
+f on (a i o . oxoy 





2 32 
aint : cos?0. =) j). (12.3) 
3x2 ay? 

In order to derive from this the equation of equilibrium for the plate, we 
must equate to zero the sum of the variation 6F and the variation 6U of the 
potential energy of the plate due to the external forces acting on it. This 
latter variation is minus the work done by the external forces in deforming the 
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plate. Let P be the external foree acting on the plate, per unit area} and 
normal to the surface. Then the work done by the external forces when the 
points on the plate are displaced a distance 8¢ is [P5¢ df. ‘Thus the condition 
for the total free energy of the plate to be a minimum is 


SF pi— | P8l df = 0. (124) 


On the left-hand side of this equation we have both surface and contour 
integrals, The surface integral is 


w A®l— isc d 
flamanta 
The variation ô¢ in this integral is arbitrary. The integral can therefore 


vanish only if the coefficient of 5¢ is zero, i.e. 


Ens 
12(1 — 02) 





A%-P=0. (12.5) 


This is the equation of equilibrium for a plate bent by external forces acting 
on itf. 

The boundary conditions for this equation are obtained by equating to 
zero the contour integrals in (12.3). Here various particular cases have ty [ye 
considered. Let us suppose that part of the edge of the plate is free, ie, no 
external forces act on it. Then the variations 5¢ and 60/dn on this part of 
the edge are arbitrary, and their coefficients in the contour integrals must þe 
zero. This gives the equations 


3AF 


rs rea er <|cos#sino( <= ~ <2) + 


3y? 





+ (sin20 — cos?6) ae = 0 (12.¢ 
axdy i m 





aae ees ee 
AL+(1=0)[2sin 8 cos axay aa zl 7 » (12.7) 


which must hold at all free points on the edge of the plate. 

The boundary conditions (12.6) and (12.7) are very complex. Consideralyle 
simplifications occur when the edge of the plate is clamped or supported, If 
it is clamped (Fig. 4a), no vertical displacement is possible, and moreover no 





t The force P may be the result of body forees (e.g. the force of gravity), and is chen equal py the 
integral of the body force over the thickness of the plate. 

t The coellicient D eh8/12(1 — 0”) in this cqamtion is catled the flexural rigidity or cylingdy ical 
rigidity ol the plute. 
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bending is possible at the edge. ‘lhe angle through which a given part of the 
edge turns from its initial position is (for small displacements ¿) the derivative 
tən. Thus the variations 6f and 60¢/0n must be zero at clamped edges, so 
that the contour integrals in (12.3) are zero identically. The boundary con- 
ditions have in this case the simple form 


£=0, a/an=0. (12.8) 


The first of these expresses the fact that the edge of the plate undergoes no 
vertical displacement in the deformation, and the second that it remains 
horizontal. i 


(3) ZE 


(b) TD LA 
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It is easy to determine the reaction forces on a plate at a point where it 
is clamped. These are equal and opposite to the forces exerted by the plate 
on its support. As we khow from mechanics, the force in any direction is 
equal to the space derivative, in that direction, of the energy. In particular, 
the force exerted by the plate on its support is given by minus the derivative 
of the energy with respect to the displacement ¢ of the edge of the plate, and 
the reaction force by this derivative itself. The derivative in question, how- 
ever, is just the coefficient of 5¢ in the second integral in (12.3). Thus the 
reaction force per unit length is equal to the expression on the left of equation 
(12.6) (which, of course, is not now zero), multiplied by £#3/12(1—o?). 

Similarly, the moment of the reaction forces is given by the expression on 
the left of equation (12.7), multiplied by the same factor. This follows at 
once from the result of mechanics that the moment of the force is equal to 
the derivative of the energy with respect to the angle through which the 
body turns. This angle is 02/0n, so that the corresponding moment is given 
by the coefficient of 052/0n in the third integral in (12.3). Both these expres- 
sions (that for the force and that for the moment) can be very much simplified 
by virtue of the conditions (12.8). Since and 0¢/0n are zero everywhere on 
the edge of the plate, their tangential derivatives of all orders are zero also. 
Using this and converting the derivatives with respect to x and y in (12.6) 
and (12.7) into those in the directions of n and 1, we obtain the following 
simple expressions for the reaction force F and the reaction moment M: 





Eh3 pat do art 
=- | + |: (12.9) 
12(1— o2) | ðn? dl an? 
Ehs a 
(12.10) 
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Another important case is that where the plate is supported (lig. 4b), 
i.e. the edge rests on a fixed support, but is not clamped to it. In this case 
there is again no vertical displacement at the edge of the plate (i.e. on the 
line where it rests on the support), but its direction can vary. Accordingly, 
we have in (12.3) 6g = 0 in the contour integral, but 05Z/dn 4 0. Ilence 
only the condition (12.7) remains valid, and not (12.6). The expression on the 
left of (12.6) gives as before the reaction force at the points where the plate is 
supported; the moment of this force is zero in equilibrium. The boundary 
condition (12.7) can be simplified by converting to the derivatives in the direc- 
tion of n and land using the fact that, since £ = 0 everywhere on the edge, the 
derivatives 0¢/Al and 02f/al2 are also zero. We then have the boundary 
conditions in the form 


at dat 


ot ga SS {2.4 f 
on? “al on ( ) 


PROBLEMS 


ProsLeM 1. Determine the deflection of a circular plate (of radius R) with clamped edges, 
placed horizontally in a gravitational field. 


SoLuTIon, We take polar co-ordinates, with the origin at the centre of the plate. The force 
on unit area of the surface of the plate is P = phg. Equation (12.5) becomes A%% == 64B, 
where $ = 3pg(1—*)/16h°E; positive values of { correspond to displacements downward. 
Since { is a function of r only, we can put A = r~! d(rd/dr)/dr. The general integral is 
t = Brt+ar?+6+cr? log(r/R) +d log(r/R). In the case in question we must put d 0, 
since log(r/R) becomes infinite at r =: 0, and ¢ = 0, since this term gives a singularity in 
Af atr = 0 (corresponding to a force applied at the centre of the plate; see Problem 3). ‘he 
constants a and b are determined from the boundary conditions £ = 0, d/dr = 0 forr R 
The result is ¢ = B(R?—r*)?, 


ProsLem 2, The same as Problem 1, but for a plate with supported edges. 


SotutTion. The boundary conditions (12.11) for a circular plate are 


The solution is similar to that of Problem 1, and the result is 





C= A(R rr), 


PROBLEM 3, Determine the deflection of a circular plate with clamped edges when a forca 
f is applied to its centre. 


SoLuTion. We have A7{ = 0 everywhere except at the origin. Integration gives 
E = ar? +b-+cr? log(r/R), 


the tog r term aguin being omitted. The total foree on the plate is equal to the force f at its 
R 1 l 
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centre. The integral of A*{ over the surface of the plate must therefore be 


12(1 — o? 
(1-0), 


R 
2 2e dr = 
n fra t dr Fie 


0 


Hence c = 3(1—o*)f/27Eh*, The constants a and b are determined from the boundary 
conditions. The result is 


3f(1— 0?) 
2nEh8 


PROBLEM 4. The same as Problem 3, but for a plate with supported edges. 





t= [}(R2—r2)—r? log(Rjr)]. 


SOLUTION. 








R2—72)—22] 
Pelican ee 


Prosiem 5. Determine the deflection of a circular plate suspended by its centre and ina 
gravitational field. 


Tan aj 


SoLUTION. The equation for { and its general solution are the same as in Problem 1. 
Since the displacement at the centre is £ = 0, we have c = 0. The constants a and b are 
determined from the boundary conditions (12.6) and (12.7), which are, for circular symmetry, 








dAg dd = seh! 
dr ruse RA ea 
The result is 
R 3+6 
g = pr? |2+sre log — + 2R2 | 
r l+o 


PROBLEM 6, A thin layer (of thickness /) is torn off a body by external forces acting against 
surface tension forces at the surface of separation. With given external forces, equilibrium is 
established for a definite area of the surface separated and a definite shape of the layer 
removed (Fig. 5). Derive a formula relating the surface tension to the shape of the 
layer removed.f 


Fie. 5 


SoLuTION. The layer removed can be regarded as a plate with one edge (the line of separa- 
tion) clamped. The bending moment on the layer is given by formula (12,10). The work 
done by this moment when the length of the separated surface increases by 8x is 


Mastjax = M8xd2L/ax? 


(the work of the bending force F itself is a second-order quantity). The equilibrium condition 
is that this work should be equal to the change in the surface energy, i.e. to 2a5x, where « is 


t This problem was discussed by I. V. Osremoy (1930) in connection with a method which he 
developed for measuring the surface tension of mica, ‘Phe menniements which he made by this 
ruethod were the first direct weamrements of the satlace tension of solida. 
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the surface-tension coellicient, die factor 2 allowing for che creation of wo free surfaces by 
the separation. Thus 
ERB 32i 2 
a= ‘ 
24(1— al = 





§13. Longitudinal deformations of plates 


Longitudinal deformations occurring in the plane of the plate, and not 
resulting in any bending, form a special case of deformations of thin plates. 
Let us derive the equations of equilibrium for such deformations. 

If the plate is sufficiently thin, the deformation may be regarded as uniform 
over its thickness. The strain tensor is then a function of x and y only (the 
xy-plane being that of the plate) and is independent of z. Longitudinal 
deformations of a plate are usually caused either by forces applied to its edges 
or by body forces in its plane. The boundary conditions on both surfaces of 
the plate are then oi; = 0, or, since the normal vector is parallel to the 
z-axis, ciz = 0, Le. ogg = Gyz = Ozz = 0. It should be noticed, however, 
that in the approximate theory given below these conditions continue to 
hold even when the external tension forces are applied to the surfaces of the 
plate, since these forces are still small compared with the resulting longi- 
tudinal internal stresses (ozz, Gyy, Gzy) in the plate. Since they are zero at 
both surfaces, the quantities ozz, cyz, zz must be small throughont the 
thickness of the plate, and we can therefore take them as approximately zero 
everywhere in the plate. 

Equating to zero the expressions (11.2), we obtain the relations 


Uze = — O(Urr +Uyy)/(1—<9), Ung = Uyz = 0. (13.1) 


Substituting in the general formulae (5.13), we obtain for the non-zero com- 
ponents of the stress tensor 








Org = 1 -7 wg tne + ouyy), 
oyy = ——>(uyy + izz), » (13.2) 
1—02 
E 
Ory = 1 To Ugy- 


It should be noticed that the formal transformation 
E > Ej(1—o?), c + a/(1—o) (13.3) 


converts these expressions into those which give the relation between the 
stresses Cer, Cry, Cyy and the strains uzz, Uyy, Uzz for a plane deformation 
(formulae (5.13) with uzz = 9). 

Having thus eliminated the displacement uz, we can regard the plate as a 
two-dimensional medium (an “clase plane’), of zero thickness, and take 
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the displacement vector u to be a two-dimensional vector with components 
uz and uy. If Py and Py are the components of the external body force per 
unit area of the plate, the general equations of equilibrium are 








ee: 
( = Sa +P, =0, 
Ox oy 
Geile Boxe 
( ia st) «Py = 0. 
ox 


Substituting the expressions (13.2), we obtain the equations of equilibrium in 
the form 





| 1 Zuz z 1 Cur i 1 uy 
1—02 ôx? 1+0) ôy? 2(1—0) away 
1 dy 1 8u 1 du 
Z4 an a4 y = 0. 
1—0? dy? 1+0) ôx? 21-0) dxdy 


|+Ps = 0, 
(13.4) 





zn 


These equations can be written in the two-dimensional vector form 
grad div u—}(1— o) curl curlu = — (1— o?)P/Eh, (13.5) 


where all the vector operators are two-dimensional. 
In particular, the equation of equilibrium in the absence of body forces is 


grad div u—}(1— o) curl curl u = 0. (13.6) 


It differs from the equation of equilibrium for a plane deformation of a body 
infinite in the z-direction (§7) enly by the sign of the coefficient (in accordance 
with (13.3)).} As for a plane deformation, we can introduce the stress function 
defined by 


Grgo = O2y/dy?, Cry = — Oy/dxdy, Syy = Oy/dx?, (13.7) 
whereby we automatically satisfy the equations of equilibrium in the form 
Oor, Ory Ooyx Ooyy 


— + — = 90, + = 0 
ox oy Ox Oy a 








The stress function, as before, satisfies the biharmonic equation, since for 
Ax we have 


AX = aszt Oyy = Elure+tyy)/((1—o) = {E/(1 — o)} div u; 


this differs only by a factor from the result for a plane deformation. 
It may be pointed out that the stress distribution in a plate deformed by 
given forces applied to its edges is independent of the elastic constants of the 


f A deformation homogeneous in the z-direction for which oy, ory oze O everywhere is 
sometimes called a state of plane stress, as distinct from a plane delornmation, for which zr Hry == 
ez 0 everywhere. 
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material, For these constants appear neither in the biharmonic equation 
satisfied by the stress function, nor in the formulae (13.7) which determine 
the components cix from that function (nor, therefore, in the boundary 
conditions at the edges of the plate). 


PROBLEMS 


PROBLEM 1, Determine the deformation of a plane disc rotating uniformly about an nxis 
through its centre perpendicular to its plane. 


SoLution. The required solution differs only in the constant coefficients from the solution 
obtained in §7, Problem 5, for the plane deformation of a rotating cylinder. ‘he radial 
displacement ur = u(r) is given by the formula 


Q21—6) /3 
mat ar tR r). 
8E l+o 


This is the expression which gives that of §7, Problem 5, if the substitution (13.4) i% made 





Prosi_em 2. Determine the deformation of a semi-infinite plate (with a stunght cdg 
under the action of a concentrated force in its plane, applied to a point on the edye 





SoLuTION. We take polar co-ordinates, with the angle ¢ measured from the direction of 
the applied force; it takes values from —(47-+«) to 41—a, where « is the angle between the 
direction of the force and the normal to the edge of the plate (Fig, 6). At every point of the 
edge except that where the force is applied (the origin) we must have ogg = 9, 0. Lhang 
the expressions for ogg and Org, obtained in §7, Problem 11, we find that the stress function 
must therefore satisfy the conditions 


G) 1 oy 


> = constant, ——~ = constant, for $ = — (4r +a), $r- a). 
r r 


Both conditions are satisfied if x = 7f($). With this substitution, the biharmonic equation 


[i ð ( a ) 02 l. 0 
r—)+ = 
r ar\ ar) age} * 
gives solutions for f(¢) of the forms sin ¢, cos 4, $ sing, ¢ cos ¢ The first two of these lead to 


stresses which are zero identiently. ‘The solution which gives the correct value for the force 
applied at the origin is 


x = —(Ffr)jrh sing, apr > (ZE far) cose, ogy: g=, (1) 


where Fis the foree per unil thickness of the plate For, projecting the internal stresses on 
directions paruttel nud petpendicubn to the force F, and intepriug, over a ciuall semicircle 





fonr sing dé = 0, 


ie. the values required to balance the external force applied at the origin. 

Formulae (1) determine the required stress distribution. It is purely radial: only a radial 
compression force acts on any area perpendicular to the radius. The lines of equal stress are 
the circles r = d cos $, which pass through the origin and whose centres lie on the line of 
action of the force F (Fig. 6). 

The components of the strain tensor are tp, = 0, {E, ugg = —aa,,/E, Urg = 0. From these 
we find by integration (using the expressions (1.8) for the components wx in polar co- 
ordinates) the displacement vector : 


2F (i-o)F 
u, = — ——log(r/a) cos$ — ————4 sing, 
TE TE 
2oF 2F (l1—o)F 





Ug = sing +—log(r/a) sinġ+ (sind—¢ cos ¢). 


TE TE 
Here the constants of integration have been chosen so as to give zero displacement (trans- 
lation and rotation) of the plate as a whole: an arbitrarily chosen point ata distance a from the 
origin on the line of action of the force is assumed to remain fixed. 

Using the solution obtained above, we can obtain the solution for any distribution of forces 
acting on the edge of the plate (cf. §8). It is, of course, inapplicable in the immediate neigh- 
bourhood of the origin. 
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where r1, ¢, and r} ¢, are the polar co-ordinates of an arbitrary point P with or "a 

and B respectively. These are the stresses due to a normal force F applied to a poipt on 
edge of a half-plane; see Problem 2. The third distribution, ox = (F/7R)dss, is a unik 
extension of deñnite intensity. For, if the point P is on the edge of the disc, we mu 
n= 2R cos $1, Ta = 2R cos Pas so that orr, Ti Prr, F —FjrR. Since the direction? 

rı and r, at this point are perpendicular, we see that the first two stress di mbutiens Five 
a uniform compression on the edge of the disc. hese forces can be just b: anced by thio 
pene tension given by the third system, so that the edge of the disc is free hom stress 18M 
should be. 
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« . a - - . . . . a: ne 
PROBLEM 5. Determine the stress distribution in an infinite sheet with a circular #P®“! tes 


(of radius R) under uniform tension. 


SoLuTIon. The uniform tension of a continuous sheet corresponds to stresses a!" A 
ayy = asy = 0, where T is the tension force. These in turn correspond to ype e 
function x() = Ty? = Tr? sin?$ = }772(1—cos 2¢). When there is a ci ra 
(with the centre as the origin of polar co-ordinates r, $), we seek the stress fun i 
form x = x6) +x), x0) = f(r) -+F(r) cos 2¢. The integral of the biharmonic e 
is independent of ¢ is of the form f(r) = ar? log r+br®telogr, and in the oe 
portional to cos 2¢ we have F(r) = dr? +er*+g/r?. The constants are deter 
conditions o();, = 0 for r = 0 and or = o,3 = O for r = R. The result is 

R2 
x) = ATR —logr+ |1 — ae cos 2d}, 


perrare 
ran the 
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§14. Large deflections of plates 


The theory of the bending of thin plates given in §§11--13 is applicable only 
to fairly small deflections. Anticipating the result given below, it may be 
mentioned here that the condition for that theory to be applicable is that the 
deflection ¢ is small compared with the thickness A of the plate. Let us now 
derive the equations of equilibrium for a plate undergoing large deflections. 
The deflection ¢ is not now supposed small compared with 4. It should be 
emphasised, however, that the deformation itself must still be small, in the 
sense that the components of the strain tensor must be small. In practice, 
this usually implies the condition ¢ < J, i.e. the deflection must be small 
compared with the dimension / of the plate. 

The bending of a plate in general involves a stretching of it.t For small 
deflections this stretching can be neglected. For large deflections, however, 
this is not possible; there is therefore no neutral surface in a plate undergoing 
large deflections. The existence of a stretching which accompanies the 
bending is peculiar to plates, and distinguishes them from thin rods, which 
can undergo large deflections without any general stretching. This property 
of plates is a purely geometrical one, For example, let a flat circular plate be 
bent into a segment of a spherical surface. If the bending is such that the 
circumference of the plate remains constant, its diameter must increase. If the 
diameter is constant, on the other hand, the circumference must be reduced. 

The energy (11.6), which may be called the pure bending energy, is only 
the part of the total energy which arises from the non-uniformity of the 
tension and compression through the thickness of the plate, in the absence 
of any general stretching. The total energy includes also a part due to this 
general stretching; this may be called the stretching energy. 

Deformations consisting of pure bending and pure stretching have been 
considered in §§11-13. We can therefore use the results obtained in these 
sections. It is not necessary to consider the structure of the plate across its 
thickness, and we can regard it as a two-dimensional surface of negligible 
thickness. 

We first derive an expression for the strain tensor pertaining to the stretch- 
ing of a plate (regarded as a surface) which is simultaneously bent and 
stretched in its plane. Let u be the two-dimensional displacement vector 
(with components uz, uy) for pure stretching; ¢, as before, denotes the trans- 
verse displacement in bending. Then the element of length d/ = «/(dx? + dy?) 
of the undeformed plate is transformed by the deformation into an element 
dl’, whose square is given by dl’? = (dx+duz)?+(dy+duy)?+d¢%. Putting 
here duz = (duz/0x) dx+(duz/dy) dy, and similarly for duy and dt, we 
obtain to within higher-order terms dl’? = dl?+2u,,dx,dx,, where the 
two-dimensional strain tensor is defined as 


1 ðu, =) 1 ar ag 
al al Taou Oey 


t An exception is, for instance, the bending of a Hat plate toto n cylindireal wafe. 
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(In this and the following sections, Greck sulfixes take the two values x and y; 
as usual, summation over repeated suffixes is understood.) The terms quad- 
ratic in the derivatives of u, are here omitted; the same cannot, of course, be 
done with the derivatives of ¢, since there are no corresponding first-order 
terms. 

The stress tensor 0, due to the stretching of the plate is given by formula 
(13.2), in which u,, must be replaced by the total strain tensor given by 
formula (14.1). The pure bending energy is given by formula (11.6), and can 
be written f ‘¥1(¢) dx dy, where ¥1(¢) denotes the integrand in (11.6). The 
stretching energy per unit volume of the plate is, by the general formulac, 
$UapFag The energy per unit surface area is obtained by multiplying by A, 
so that the total stretching energy can be written f 'Ve(u.9) df, where 


Yo = thu, poz, (14.2) 
Thus the total free energy of a plate undergoing large deflections is 
Fy = SEEE) + Fo(uaa)} df. (14,3) 


Before deriving the equations of equilibrium, let us estimate the relative 
magnitude of the two parts of the energy. The first derivatives of ¢ are of 
the order of £//, where / is the dimension of the plate, and the second deriva- 
tives are of the order of £/12. Hence we see from (11.6) that Vy ~ ERIN. 
The order of magnitude of the tensor components ug is ¢2//?, and so 
Yz ~ Ehf4/l4. A comparison shows that the neglect of Ws in the approximate 
theory of the bending of plates is valid only if £2 < h?. 

The condition of minimum energy is 5F+6U = 0, where U is the poten- 
tial energy in the field of the external forces. We shall suppose that the 
external stretching forces, if any, can be neglected in comparison witl: the 
bending forces, (This is always valid unless the stretching forces are very 
large, since a thin plate is much more easily bent than stretched.) Then we 
have for U the same expression as in §12: 5U = —JP8¢ df, where P is the 
external force per unit area of the plate. The variation of the integral f Yı (lf 
has already been calculated in §12, and is 


5{¥1 af = a aasje tèt df. 


The contour integrals in (12.3) are omitted, since they give only the boundary 
conditions on the equation of equilibrium, and not that equation itself, which 
is of interest here. 

Finally, let us calculate the variation of the integral f Y df. 'The variation 
must be taken both with respect to the components of the vector u and with 
respect to ¢. We have 


8 | Pedf= Í Bn df. 


The derivatives of the free energy per a volume with respect to tyg are 
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ag; hence 0Vs/du,, = hoz. Substituting also for u,, the expression (14.1), 
we obtain 


abe: df = hf opStlap df 


rfo (GS te of ðE at ət d 
“af Ox, 0%, dx, i 





or, by the symmetry of o,,, 


sis a7 - nfo ea l 


Ox, OX Ox, 





Integrating by parts, we obtain 


sjaa a f ti (org) 


The contour integrals along the circumference of the plate are again omitted. 
Collecting the above results, we have 


SF +3U = fewer Zj- Phen rid a |y= 0. 


o?) dxe On, 





In order that this relation should be satisfied identically, the coefficients of 
5¢ and Su, must each be zero. ‘Thus we obtain the equations 





L ea ee ( =) P 14.4 
Basa aa a n 
do pdx = 0. (14.5) 


The unknown functions here are the two components uz, uy of the vector 
u and the transverse displacement ¢. The solution of the equations gives both 
the form of the bent plate (i.e. the function f(x, y)) and the extension resulting 
from the bending. Equations (14.4) and (14.5) can be somewhat simplified 
by introducing the function y related to o,, by (13.7). Equation (14.4) then 
becomes 


Eh 
12(1 — 02) 








ay a2f ay 32 ay a2 
A te | (14.6) 


A%—h| 7 
ay? 0x? dx? dy? Oxdy Oxdy 
Equations (14.5) are satisfied automatically by the expressions (13.7). Hence 
another equation is needed; this can be obtained by eliminating u, from the 
relations (13.7) and (13.2). 
To do this, we proceed as follows. We express u,, in terms of o,, obtaining 
from (13.2) 


Urr = (og2— Toy) E, Uyy = (6yy- carry E, Uyy (1 I o) rpl E. 


Sl+ Lage deflections of plates Ol 


Substituting here the expression (14.1) for typ and (13.7) for oy, we find 


the equations 
Ouz 1 (=) ape z 
shee = SS GE, ; 
ox 2\ðx E \ ay? Ox? 


Ouy (=) E (3 7 x) 


, 











+ 
oy 2\dy E \ ax? gy2 
duz uy OC 2 2(i--0) dy 
+—— + = = i n, 
oy dx əxdy E oxdy 


We take 02/dy? of the first, 32/3x2 of the second, — d2/dxdy of the third, and 
add, The terms in uz and uy then cancel, and we have the equation 

a24 a2t 22t ) 
Ox2 y2 E ( ) 





A+B = 0. (14.7) 


Oxdy 

Equations (14.6) and (14.7) form a complete system of equations for large 
deflections of thin plates (A. FöpPL 1907). These equations are very compli- 
cated, and cannot be solved exactly, even in very simple cases. It should be 
noticed that they are non-linear. 

We may mention briefly a particular case of deformations of thin plates, 
that of membranes. A membrane is a thin plate subject to large external 
stretching forces applied at its circumference. In this case we can neglect 
the additional longitudinal stresses caused by bending of the plate, and 
therefore suppose that the components of the tensor o,, are simply equal to 
the constant external stretching forces. In equation (14.4) we can then 
neglect the first term in comparison with the second, and we obtain the 
equation of equilibrium 

a2¢ 


Xa kg 





hoxg +P =0, (14.8) 
with the boundary condition that ¢ = 0 at the edge of the membrane. This 
is a linear equation. The case of isotropic stretching, when the extension of 
the membrane is the same in all directions, is particularly simple. Let T be 
the absolute magnitude of the stretching force per unit length of the edge of 
the membrane. Then ho,, = T8,,, and we obtain the equation of equili- 
brium in the form 


TAC+P = 0. (14.9) 


PROBLEMS 
PRroBLEM 1. Determine the deflection of a plate as a function of the force on it when 
CS Ah. 
SOLUTION. An estimate of the terms in equation (14.7) shows that y ~ BỌ. For Ç`- A, 
the first term in (14.6) is small compared with the second, which is of the order of magnitude 
htx/b ~ PhO (L being the dimension of the plate). Tf thin is comparable with the external 
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force P, we have % ~ (I4P/Eh)t. Henco, in particular, we sce that { is proportional to the 
cube root of the force. 


PROBLEM 2. Determine the deformation of a circular membrane (of radius R) placed 
horizontally in a gravitational field. 


SoLuTION. We have P = pgh; in polar co-ordinates, (14.9) becomes 


ld ( dé pgh 
r dr rs) TH 





The solution finite for r = 0 and zero for r = R is ¢ = pgh(R*—r*)/4T. 


§15. Deformations of shells 


In discussing hitherto the deformations of thin plates, we have always 
assumed that the plate is flat in its undeformed state. However, deformations 
of plates which are curved in the undeformed state (called shells) have 
properties which are fundamentally different from those of the deformations 
of flat plates. 

The stretching which accompanies the bending of a flat plate is a second- 
order effect in comparison with the bending deflection itself. This is seen, 
for example, from the fact that the strain tensor (14.1), which gives this 
stretching, is quadratic in ¢. The situation is entirely different in the defor- 
mation of shells: here the stretching is a first-order effect, and therefore is 
important even for small bending deflections. This property is most easily 
seen from a simple example, that of the uniform stretching of a spherical 
shell. If every point undergoes the same radial displacement @, the length 
of the equator increases by 27f. The relative extension is 27¢/27R = C/R, 
and hence the strain tensor also is proportional to the first power of &. This 
effect tends to zero as R > œ, i.e. as the curvature tends to zero, and is 
therefore due to the curvature of the shell. 

Let R be the order of magnitude of the radius of curvature of the shell, 
which is usually of the same order as its dimension. Then the strain tensor 
for the stretching which accompanies the bending is of the order of £/R, 
the corresponding stress tensor is ~ E¢/R, and the deformation energy per 
unit area is, by (14.2), of the order of Eh(¢/R)?. The pure bending energy, on 
the other hand, is of the order of £43¢2/R4, as before. We see that the ratio of 
the two is of the order of (R/h)?, i.e. it is very large. It should be emphasised 
that this is true whatever the ratio of the bending deflection ¢ to the thickness 
h, whereas in the bending of flat plates the stretching was important only 
for č Zh. 

In some cases there may be a special type of bending of the shell in 
which no stretching occurs. For example, a cylindrical shell (open at both 
ends) can be deformed without stretching if all the generators remain parallel 
(i.e. if the shell is, as it were, compressed along some generator). Such 
deformations without stretching are geometrically possible if the shell has 
free edges (i.e. is not closed) or if it is closed but its curvature has opposite 
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signs at different points. For cxample, a closed spherical shell cannot be 
bent without being stretched, but if a hole is cut in it (the edge of the hole 
not being fixed), then such a deformation becomes possible. Since the pure 
bending energy is small compared with the stretching energy, it is clear that, 
if any given shell permits deformation without stretching, then such defor- 
mations will, in general, actually occur when arbitrary external forces act on 
the shell. The requirement that the bending is unaccompanied by stretching 
places considerable restrictions on the possible displacements u, These 
restrictions are purely geometrical, and can be expressed as differential 
equations, which must be contained in the complete system of equilibriim 
equations for such deformations. We shall not pause to discuss this question 
further. 

If, however, the deformation of the shell involves stretching, then the 
tensile stresses are in general large compared with the bending stresses, 
which may be neglected. Shells for which this is done are called membranes. 

The stretching energy of a shell can be calculated as the integral 


Fa = Bh f tapas df, (15.1) 


taken over the surface. Here u,, (a, 8 = 1, 2) is the two-dimensional strain 
tensor in the appropriate curvilinear co-ordinates, and the stress tensor o, 
is related to u,, by formulae (13.2), which can be written, in two-dimensional 
tensor notation, as 


Gag = El[(1 —o)ugg + 08,4,,]/(1 — 0%). (15.2) 


A case requiring special consideration is that where the shell is subjected 
to the action of forces applied to points or lines on the surface and directed 
through the shell. These may be, in particular, the reaction forces on the shell 
at points (or lines) where it is fixed. The concentrated forces result in a 
bending of the shell in small regions near the points where they are applicd; 
let d be the dimension of such a region for a force f applied at a point (so that 
its area is of the order of d2). Since the deflection ¢ varies considerably over a 
distance d, the bending energy per unit area is of the order of EA802/d‘, and the 
total bending energy (over an area ~ d?) is of the order of Eh3f2/d?, The strain 
tensor for the stretching is again ~ ¢/R, and the total stretching energy duc ty 
the concentrated forces is ~ Eh€?d2/R2. Since the bending energy increases 
and the stretching energy decreases with decreasing d, it is clear that both 
energies must be taken into account in determining the deformation near the 
point of application of the forces. The size d of the region of bending ts given 
in order of magnitude by the condition that the sum of these energies is a 
minimum, whence 


d~ y (hR). (15.3) 
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The energy ~ A£202/R. Varying this with respect to ¢ and equating the result 
to the work done by the force f, we find the deflection ¢ ~ fR/Eh-. 

However, if the forces acting on the shcll are sufficiently large, the shape of 
the shell may be considerably changed by bulges which form in it. The 
determination of the deformation as a function of the applied loads requires 
special investigation in this unusual case.t 

Let a convex shell (with edges fixed in such a way that it is geometrically 
rigid) be subjected to the action of a large concentrated force f along the in- 
ward normal. For simplicity we shall assume that the shell is part of a sphere 
of radius R., The region of the bulge will be a spherical cap which is almost a 
mirror image of its original shape (Fig. 9 shows a meridional section of the 
shell). The problem is to determine the size of the bulge as a function of the 
force. 

The major part of the elastic energy 1s concentrated in a narrow strip near 
the edge of the bulge, where the bending of the shell is relatively large; we 
shall call this the bending strip and denote its width by d. This energy may be 
estimated, assuming that the radius 7 of the bulge region is much less than R, 
so that the angle « < 1 (Fig. 9). Then r = R sin« ~ Ro, and the depth of the 
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bulge H = 2R(1—cos a) ~ Ra?. Let ¢ denote the displacement of points on 
the shell in the bending strip. Just as previously, we find that the energies of 
bending along the meridian and of stretching along the circle of latitudet per 
unit surface area are respectively, in order of magnitude, EA%f2/d4 and 


+ The results given below are due to A. V. PoGorELov (1960). A more precise analysis of the problem 
together with some similar ones is given in his book Teoriya obolochek pri zakriticheskikh deformatsiyakh 
(Theory of Shells at Supercritical Deformations), Moscow 1965. 

t The curvature of the shell does not affect the bending along the meridian in the first approxinistion, 
so that this bending occurs without any generat stretching along the meridian, as in the cylindrical 
bending of a flat plate. 
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EhC?/R®. The order of magnitude of the displacement ¢ is in this case dete 

mined geometrically: the direction of the meridian changes by an angle >ø 
over the width d, and so ¢ ~ ad ~ rd/R. Multiplying by the area of the bend 

ing strip (~ rd), we obtain the energies Eh873/R2d and Ehd#73/R". "Vhe condi 

tion for their sum to be a minimum again gives d~4/(/R), and the total 
elastic energy is then ~ Er?(h/R)5/2, ort 


constant x EA5/2, H3?/R. (15.1) 


In this derivation it has been assumed that d&r; formula (15.4) is therefore 
valid if the conditiont 


Rhijr? <1 (15.5) 


holds. 

The required relation between the depth of the bulge H and the applied 
force f is obtained by equating f to the derivative of the energy (15.4) with 
respect to H. Thus we find 


H ~ f2R2/E2h, (15.6) 


It should be noticed that this relation is non-linear. 

Finally, let the deformation (bulge) of the shell occur under a uniform 
external pressure p. In this case the work done is pAV, where AV ~ H/r? ~ HER 
is the change in the volume within the shell when the bulge occurs. Iquiatiny, 
to zero the derivative with respect to H of the total free energy (the diflercnee 
between the elastic energy (15.4) and this work), we obtain 


H ~ WE2|R4p?. (15.7) 


The inverse variation (H increasing when p decreases) shows that in this case 
the bulge is unstable. The value of H given by formula (15.7) corresponds to 
unstable equilibrium for a given p: bulges with larger values of // grow ol 
their own accord, while smaller ones shrink (it is easy to verify that (15.7) 
corresponds to a maximum and not a minimum of the total free cneryy). 
There is a critical value per of the external load beyond which even small 
changes in the shape of the shell increases in size spontaneously. "'Fhis value 
may be defined as that which gives H ~A in (15.7): 


Per ~ Eh?/R?. (15.8) 


We shall add to the above brief account of shell theory only a few simple 
examples in the following Problems. 


+ A more accurate calculation shows that the constant coefficient is 1.2 (1— 07) - 34, 

ł When a bulge is formed, the outer layers of a spherical segment become the inner ones and are 
therefore compressed, while the inner layers become the outer ones and are stretched. Dbe relative 
extension (or compression) ~ A/R, and so the corresponding total energy in the region of the bulge 
~ E(h[{R)*hr?. With the condition (15.5) it isin Gel small in comparison with the energy (15.4) 1p 
the bending strip. 
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PROBLEMS 


ProsBLEM 1. Derive the equations of equilibrium for a spherical shell (of radius R) deformed 
symmetrically about an axis through its centre. 


SOLUTION. We take as two-dimensional co-ordinates on the surface of the shell the angles 
6, $ in a system of spherical polar co-ordinates, whose origin is at the centre of the sphere and 
polar axis along the axis of symmetry of the deformed shell. 

Let P, be the external radial force per unit surface area. This force must be balanced by a 
radial resultant of internal stresses acting tangentially on an element of the shell. The con- 
dition is 


Koggt co) R = P,. (1) 


This equation is exactly analogous to LAPLACE’s equation for the pressure difference between 
two media caused by surface tension at the surface of separation. 

Next, let Q.(8) be the resultant of all external forces on the part of the shell lying above the 
co-latitude @; this resultant is along the polar axis. The force Q.(@) must be balanced by the 
projection on the polar axis of the stresses 27Rhagg sin 4 acting on the cross-section 27Rhk sin 0 
of the shell at that latitude. Hence 


2nRhogy sin20 = Q,(6). (2) 


Equations (1) and (2) determine the stress distribution, and the strain tensor is then given 
by the formulae 


Uoo = (F99— oogg)/E, Ugg = (ogg — 0 ¢9)/E, Ugg = 0. (3) 
Finally, the displacement vector is obtained from the equations 
1 y duo 1 
Ugg = s(a w), Ugg = p” cot 0 + ur). (4) 


ProBLEM 2. Determine the deformation under its own weight of a hemispherical shell 
convex upwards, the edge of which moves freely on a horizontal support (Fig. 10). 
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SOLUTION. We have P, = —pgh cos 8, Qz = —2rR?pgh(1—cos @); Qz is the total weight 
of the shell above the circle of co-latitude @. From (1) and (2) of Problem 1 we find 


R 
Tg = = Saen Orr = Ros 
1+cos@ 





1 
—— — cos). 
1+cos@ 


From (3) we calculate ugg and ugg, and then obtain ug and u, from (4); the constant in the 
integration of the first equation (4) is chosen so that for 0 = $7 we have ug = 0. The result 
is 


ll 


R?pg(1 + 0 
TEE O ogl +cos a) sin ð, 





E 1+cos@ 
R2pg(1 + 2+ 
u, = Tetit — cos #—cos8 log(1 + cos0)}; 


The value of u, for 0 = $r gives the horizontal displacement of the support. 
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PROBLEM 3. Determine the deformation of a hemispherical shell with clamped edges, 
convex downwards and filled with liquid (Fig. 11); the weight of the shell itself can be 
neglected in comparison with that of the liquid. 





Fig. 11 


SOLUTION. We have 


P, = pogR cos8, P, = 0, 
” 2 
z = 2rR? | P, cosé sin d0 = -rR3pog(1 — cos30), 
3 E 
0 


where pọ is the density of the liquid. We find from (1) and (2) of Problem 1 
R?pog 1-— cos30 R?pog —1+3 cosĝ—2 cost 
Gis A = apes ass 
0 3h sin2@” f° 3h sin20 


The displacements are 





Rpog(1 +0) , cos 
= — — Sl 6 +lo 1 0 |: 
“ agek Fees. arr) 
R3pp9(1 + 3 cos 6° 
ce Peet [cvs togtt +c088)— 14". 


For 6 = $r, u, is not zero as it should be. This means that the shell is actually so severely bent 
near the clamped edge that the above solution is invalid, 


PROBLEM 4. A shell in the form of a spherical cap rests on a fixed support (I'ig. 12). Deter 
mine the bending resulting from the weight Q of the shell. 
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SOLUTION. The main deformation occurs near the edge, which is bent as shown by the 
dashed line in Fig. 12. The displacement ug is small compared with the radial displacement 
u, = ¢. Since { decreases rapidly as we move away from the supported edge, the deformation 
can be regarded as that of a long flat plate (of length 27Rsin a). This deformation is composed 
of a bending and a stretching of the plate. The relative extension at each point is {/R (R 
being the radius of the shell), and therefore the stretching energy is Ef?/2R? per unit volume. 
Using as the independent variable the distance x from the line of support, we have for the 
total stretching energy 


F 2rR si h 2d. 
Lp = TIX SiN a | x. 


The bending energy is 





; d?¢ 
E Ones SM ) ax. 
: a — a?) J Vax? 
Varying the sum Fp = Fip HEF p with respect to %, we obtain 
d&g 12(1 —o? 
E R = 0 
dx4 h2 R2 


For x > 00, { must tend to zero, and for x = 0 we must have the boundary conditions of 
zero moment of the forces (%” = 0) and equality of the normal force and the corresponding 
component of the force of gravity: 


Eh? 
2rR sin ETE 12 a = = Q cosa. 


The solution which satisfies these conditions is £ = Ae ** cos kx, where 


hz E=e fe case i 





kR? Eh 8rh? 
The bending of the shell is 
d = £(0) cosa = A cosa. 


§16. Torsion of rods 


Let us now consider the deformation of thin rods. This differs from all 
the cases hitherto considered, in that the displacement vector u may be large 
even for small strains, i.e. when the tensor u;z is small.+ For example, when 
a long thin rod is slightly bent, its ends may move a considerable distance, 
even though the relative displacements of neighbouring points in the rod 
are small. 

There are two types of deformation of arod which may be accompanied by 
a large displacement of certain parts of it. One of these consists in bending 


t The only exception is a simple extension of a rod without change of shape, in which case the 
vector u is always small if the tensor tx is small, i.e. if the extension is small. 
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the rod, and the other in twisting it. We shall begin by considering the latter 
case. 

A torsional deformation is one in which, although the rod remains straight, 
each transverse section is rotated through some angle relative to those below 
it. If the rod is long, even a slight torsion causes sufficiently distant cross- 
sections to turn through large angles. The generators on the sides of the rod, 
which are parallel to its axis, become helical in form under torsion. 

Let us consider a thin straight rod of arbitrary cross-section. We take a 
co-ordinate system with the z-axis along the axis of the rod and the origin 
somewhere inside the rod. We use also the torsion angle r, which is the angle 
of rotation per unit length of the rod. This means that two neighbouring: 
cross-sections at a distance dg will rotate through a relative angle dé -- 7 dx 
(so that r = dd/dz). The torsional deformation itself, i.e. the relative dis- 
placement of adjoining parts of the rod, is assumed small. The condition 
for this to be so is that the relative angle turned through by cross-sections 
of the rod at a distance apart of the order of its transverse dimension & is 
small, i.e. 


TR <1. (16.1) 


Let us examine a small portion of the length of the rod near the origin, and 
determine the displacements u of the points of the rod in that portion. Ax 
the undisplaced cross-section we take that given by the xy-plane. When a 
radius vector r turns through a small angle 5¢, the displacement of its end 
is given by 


ôr = Sp xr, (16.2) 


where 5¢ is a vector whose magnitude is the angle of rotation and whose 
direction is that of the axis of rotation. In the present case, the rotation 1s 
about the z-axis, and for points of co-ordinate z the angle of rotation relative 
to the xy-plane is rz (since r can be regarded as a constant in some region 
near the origin). Then formula (16.2) gives for the components uz, uy of the 
displacement vector 


Uz = —TRY, Uy = TEX. (16.5) 


When the rod is twisted, the points in it in general undergo a displacement 
along the z-axis also. Since for r = 0 this displacement is zero, it may be 
supposed proportional to r when 7 is small. Thus 


uz = TY(x, y), (lo.4) 


where u(x, y) is some function of x and y, called the torsion function. Ns n 
result of the deformation described by formulae (16.3) and (16.4), each cross- 
section of the rod rotates about the z-axis, and also becomes curved instead 
of plane. It should be noted that, by taking the origin at a particular point in 
the xy-plane, we “‘fix”’ a certain point in the cross-section of the rod in such a 
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way that it cannot move in that plane (but it can move in the z-direction). 
A different choice of origin would not, of course, affect the torsional deforma- 
tion itself, but would give only an unimportant displacement of the rod as a 
whole. 

Knowing u, we can find the components of the strain tensor. Since u is 
small in the region under consideration, we can use the formula 


Uik = 4(Ouz/ Oxy + Durox). 


The result is 








Ugg = Uyy = Ugy = Uzz = 0, 


of orf 
Ugz = (> = y); Uyz = (= +a). (16.5) 
Ox oy 
It should be noticed that uj; = 0; in other words, torsion does not result in 
a change in volume, i.e. it is a pure shear deformation. 
For the components of the stress tensor we find 


Oza = Oyy = Ozz = Oxy = 0, 


ows ap 
Orz = 2uuzz = wo == y), Oyz = 2uuyz = ur(S+2). (16.6) 


Here it is more convenient to use the modulus of rigidity p in place of E and 
a. Since only ozz and oyz are different from zero, the general equations 
of equilibrium do;4/0xz, = 0 reduce to 


Dozz ozy 








= 0. 16.7 
Ox oy ( ) 


Substituting (16.6), we find that the torsion function must satisfy the equation 
A4 = 90, (16.8) 


where A is the two-dimensional Laplacian. 
It is rather more convenient, however, to use a different auxiliary function 
x (x, y), defined by 


Taz = Qprdx/dy, Gyz = —2purdy/0x; (16.9) 


this function satisfies more convenient boundary conditions on the circum- 
ference of the rod (see below). Comparing (16.9) and (16.6), we obtain 
os ox OY dx 


igo 16.10 
ae Oy ee oo 


Differentiating the first of these with respect to y, the second with respect to 
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x, and subtracting, we obtain for the fnnction y the equation 


Ax = 1. (16.11) 


To determine the boundary conditions on the surface of the rod, we note 
that, since the rod is thin, the external forces on its sides must be small com- 
pared with the internal stresses in the rod, and can therefore be put equal to 
zero in seeking the boundary conditions. This fact is exactly analogous to 
what we found in discussing the bending of thin plates. Thus we must have 
oixnx = 0 on the sides of the rod; since the z-direction is along the axis, 
nz = 0, and this equation becomes 


Ozal + Gzyħly = 0. 


Substituting (16.9), we obtain 


ôx ôx 

ng — — ny = 0. 

oy Ox 
The components of the vector normal to a plane contour (the circumference 
of the rod) are nz = —dy/dl, ny = dx/dl, where x and y are co-ordinates 
of points on the contour and d/ is an element of arc. Thus we have 


whence y = constant, i.e. yis constant on the circumference. Since only 
the derivatives of the function y appear in the definitions (16.9), it is clear 
that any constant may be added to y. If the cross-section is singly connected, 
we can therefore use, without loss of generality, the boundary condition 


x=0 (16.12) 
on equation (16.11).+ 


o 
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For a multiply connected cross-section, however, x will have different 
constant values on each of the closed curves bounding the cross-section. 


t The problem of determining the torsion deformation from equation (16.11) with the boondma y 
condition (16.12) is formally identical with that of determining whe bending of a umiformly londed 
plane membrane from equation (14.9). 

Itis useful to note also an analogy with fluid mechanics: am equation of the form (16.11) determines 
the velocity distribution v(x, y) for a viscous flnid in a pipe, and the boundary condition (16.12) 
corresponds to the condition y Oat the fixed walls of the pipe (ee Flat Alechanios, 817). 
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Hence we can put y = 0 on only one of these curves, for instance the outer- 
most (Co in Fig. 13), The values of y on the remaining bounding curves are 
found from conditions which are a consequence of the one-valuedness of the 
displacement uz = 7/(x, y) as a function of the co-ordinates. For, since the 
torsion function %(x, y) is one-valued, the integral of its differential dys round 
a closed contour must be zero. Using the relations (16.10), we therefore 








have 
Oxf Op 
db = d d 
f 4 $ (a E v) 
ox ox 
S29 dy — < dx} -2 dy—yd 
(> ly By x) fi ly—y dx) 
= 0, 
or 
ox 
p= a = ER (16.13) 
on 


where dy/@n is the derivative of the function y along the outward normal 
to the curve, and S the area enclosed by the curve. Applying (16.13) to each 
of the closed curves Cj, C2, ..., we obtain the required conditions. 

Let us determine the free energy of a rod under torsion. The energy per 
unit volume is 

F = $ip = Gzzz + Cyzyz = (Ox + Gy2”)/2u 
or, substituting (16.9), 
dx 


2 By\2 
Fa 2m (=) I (=) | = 2ur (grad y}, 
ox oy 


where grad denotes the two-dimensional gradient. ‘The torsional energy 
per unit length of the rod is obtained by integrating over the cross-section 
of the rod, i.e. it is }C7?, where the constant C = 4p f (grad y)? df, and is 
called the torsional rigidity of the rod. The total elastic energy of the rod is 
equal to the integral 


Froa = } { C7? de, (16.14) 
taken along its length. 
Putting 
(grady)? = div(x grad y)—yAx = div(y grad x) +x 


and transforming the integral of the first term into one along the circumference 
of the rod, we obtain 


a 
ea tu hx alu | x df (16.15) 
On 
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If the cross-section is singly connected, the first term vanishes by the 
boundary condition y = 0, leaving 


C = 4u f x de dy. (16.16) 


For a multiply connected cross-section (Fig. 13), we put y = 0 on the outei 
boundary Co and denote by yz the constant values of y on the inner boun- 
daries Cx, obtaining by (16.13) 


C= 4u> xeSe+4u | x de dy; (16.17) 
k 


it should be remembered that, in integrating in the first term in (16.15), we po 
anti-clockwise round the contour Co and clockwise round all the others, 

Let us consider now a more usual case of torsion, where one of the ends ot 
the rod is held fixed and the external forces are applied only to the other end 
These forces are such that they cause only a twisting of the rod, and no other 
deformation such as bending. In other words, they form a couple which (writs 
the rod about its axis. The moment of this couple will be denoted by A/ 

We should expect that, in such a case, the torsion angle r is constant 
along the rod. This can be seen, for example, from the condition that the free 
energy of the rod is a minimum in equilibrium. The total energy of a de 
formed rod is equal to the sum Fyoq+U, where U is the potential cnerpy 
due to the action of the external forces. Substituting in (16.14) 7 dp/ile 
and varying with respect to the angle 4, we find 


a fo(=) dz48U = PR an SU = 0, 


dz 


or, integrating by parts, 
dr 
S Í C786 dz +8U+[Crêġ] = 0. 
z 


The last term on the left is the difference of the values at the limits of ante 

gration, i.e. at the ends of the rod. One of these ends, say the lower ene, m 
fixed, so that è$ = 0 there. The variation U of the potential encipy is 
minus the work done by the external forces in rotation through an angle op 
As we know from mechanics, the work done by a couple in such a rotition 
is equal to the product M6¢ of the angle of rotation and the moment of the 
couple. Since there are no other external forces, 5U -- - Md, and we 
have 


| Ca dz+ [8(--M4-Cz)] = 0. (16.18) 


The second term on the left has tts valne at the upper end of the rod. In the 
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integral over z, the variation 5¢ is arbitrary, and so we must have 


C dr/dz = 0, 
Le. 
7 = constant. (16.19) 


Thus the torsion angle is constant along the rod. The total angle of rotation 
of the upper end of the rod relative to the lower end is r, where Zis the length 
of the rod. 

In equation (16.18), the second term also must be zero, and we obtain the 
following expression for the constant torsion angle: 


t = MIC. (16.20) 


PROBLEMS 


PRroBLEM 1. Determine the torsional rigidity of a rod whose cross-section is a circle of 
radius R. 


SoLuTion. Thesolutions of Problems 1—4 are formally identical with those of problems of 
the motion of a viscous fluid in a pipe of corresponding cross-section (see the last footnote 
to this section). The discharge Q is here represented by C. 

Fos a rod of circular cross-section we have, taking the origin at the centre of the circle, 
x = 4(R?—x*—y), and the torsional rigidity is C = 4u7R*, For the function y we have, 
from (16.10), Y = constant, A constant ¥, however, corresponds by (16.4) to a simple dis- 
placement of the whole rod along the z-axis, and so we can suppose that y = 0. Thus the 
transverse sections of a circular rod undergoing torsion remain plane. 


ProBLEM 2, The same as Problem 1, but for an elliptical cross-section of semi-axes a 
and b. 


SoLuTION. The torsional rigidity is C = mpa*h*/(a2+b*), The distribution of longitudinal 
displacements is given by the torsion function ¢ = (b? —a*)xy/(b* +a"), where the co-ordinate 
axes coincide with those of the ellipse. 


PROBLEM 3, The same as Problem 1, but for an equilateral triangular cross-section of 


side a. 
SoLUTION. The torsional rigidity is C = s/3pa‘/80. The torsion function is 


4 = y(xV3+y)(evV/3—y)/6a 
the origin being at the centre of the triangle and the x-axis along an altitude. 


PROBLEM 4. The same as Problem 1, but for a rod in the form of a long thin plate (of 
width d and thickness % < d). 


SoLUTION. The problem is equivalent to that of viscous fluid flow between plane parallel 
walls. The result is that C = $yudh*. 


PROBLEM 5. The same as Problem 1, but for a cylindrical pipe of internal and external 
radii R, and R, respectively. 


SoLUTION. The function y = 4(R,?—r*) (in polar co-ordinates) satisfies the condition 
(16.13) at both boundaries of the annular cross-section of the pipe. From formula (16.17) 
we then find C = $yn(R,!—R/). 


PROBLEM 6. The same as Problem 1, but for a thin-walled pipe of arbitrary cross-section. 


SOLUTION. Since the walls are thin, we can assume that x varies through the wall thickness 
h, from zero on one side to x, on the other, according to the linear law x -+ xiv/h (y being a 
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co-ordinate measured through the wall). Then the condition (16.13) gives x L/h, 
where L is the perimeter of the pipe cross-section and S the area which it encloses. The 
second term in the expression (16.17) is small compared with the first, and we obtain 
C = 4hS*p/L. If the pipe is cut longitudinally along a generator, the torsional rigidity falls 
sharply, becoming (by the result of Problem 4) C = $aLhk?. 


§17. Bending of rods 


A bent rod is stretched at some points and compressed at others. Lincs on 
the convex side of the bent rod are extended, and those on the concave side 
are compressed. As with plates, there is a neutral surface in the rod, which 
undergoes neither extension nor compression. It separates the region of 
compression from the region of extension. 

Let us begin by investigating a bending deformation in a small portion of 
the length of the rod, where the bending may be supposed slight; by this we 
here mean that not only the strain tensor but also the magnitudes of the dis- 
placements of points in the rod are small. We take a co-ordinate system with 
the origin on the neutral surface in the portion considered, and the z-axis 
parallel to the axis of the undeformed rod. Let the bending occur in the 
zx-plane.t 

As in the bending of plates and the twisting of rods, the external forces on 
the sides of a thin bent rod are small compared with the internal stresses, and 
can be taken as zero in determining the boundary conditions at the sides of the 
rod. Thus we have everywhere on the sides of the rod cing = 0, or, since 
nz = 0, ozzns+ czyny = 0, and similarly for 7 = y, gz. We take a point on 
the circumference of a cross-section for which the normal n is parallel to the 
x-axis. There will be another such point somewhere on the opposite side 
of the rod. At both these points ny = 0, and the above equation gives 
Sz = Q. Since the rod is thin, however, ozz must be small everywhere in the 
cross-section if it vanishes on either side. We can therefore put ox, 0) 
everywhere in the rod. In a similar manner, it can be seen that all the com 
ponents of the stress tensor except ozz must be zero. That is, in the bending 
of a thin rod only the extension (or compression) component of the internal 
stress tensor is large. A deformation in which only the component o,, ol 
the stress tensor is non-zero is just a simple extension or compression (45). 
Thus there is a simple extension or compression in every volume clenrent of 
a bent rod. The amount of this varies, of course, from point to point in every 
cross-section, and so the whole rod is bent. 

It is easy to determine the relative extension at any point in the rod. Let 
us consider an element of length dz parallel to the axis of the rod and near 
the origin. On bending, the length of this element becomes dz’. 'The ouly 
elements which remain unchanged are those which lie in the neutral surface. 
Let R be the radius of curvature of the neutral surface near the origin. The 


¢ Ina rod undergoing only small deflections we can suppose that the bending occurs in a single 
plane. "Mhis follows for the result of diflerential geometry that tbe deviatton af a alightly bent curve 
from a plate (its torston) ta of a higher order of smallness than ns onvaste. 
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lengths dz and ds’ can be regarded as elements of ares of circles whose radii 
are respectively R and R+x, x being the co-ordinate of the point where 
dz’ lies. Hence 





de! = — de = (145) dz; 


The relative extension is therefore (dz’—dz)/dz = x/R. 
The relative extension of the element dz, however, is equal to the com- 
ponent uz, of the strain tensor. Thus 


üze = xjR. (17.1) 


We can now find ozz by using the relation ozz = Euz, which holds for a 
simple extension. This gives 
ozz = Ex/R. (17.2) 
The position of the neutral surface in a bent rod has now to be determined. 
This can be done from the condition that the deformation considered must 
be pure bending, with no general extension or compression of the rod. The 
total internal stress force on a cross-section of the rod must therefore be 
zero, i.e. the integral f ozz df, taken over a cross-section, must vanish. Using 
the expression (17.2) for ozz, we obtain the condition 


fædf = 0. (17.3) 


We can now bring in the centre of mass of the cross-section, which is that 
of a uniform flat disc of the same shape. The co-ordinates of the centre of 
mass are, as we know, given by the integrals f x df/ f df, f y df/ f df. Thus the 
condition (17.3) signifies that, in a co-ordinate system with the origin in the 
neutral surface, the x co-ordinate of the centre of mass of any cross-section 
is zero. The neutral surface therefore passes through the centres of mass 
of the cross-sections of the rod. 

Two components of the strain tensor besides uzz are non-zero, since for a 





simple extension we have uzg = Uyy = —ottzz. Knowing the strain tensor, 
we can easily find the displacement also: 
Uzz = Ouz[dz = x/R, Ouz/Ox = Ouy/dy = — ox/R, 
Cuz ðu Ouz Ou Ouy Ou 
S$ =0 = t2"=0, += 
Ox Oz oy = 0x oz Oy 


Integration of these equations gives the following expressions for the com- 
ponents of the displacement: 


1 
Uz = — ape T a(x? —y?)}, 


uy = — oxy/R, uz = x2/R. 


(17.4) 


The constants of integration have been put equal to zero; this means that 
we “fix” the origin. 
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It is seen from formulae (17-4) that the points initially on a cross-section 
z = constant = gq will be found, after the deformation, on the surface 
z = 2o+uz = 2o(1+«/R). We sce that, in the approximation ased, the 
cross-sections remain plane but are turned through an angle relative to therr 
initial positions. The shape of the cross-section changes, however; for 
example, when a rod of rectangular cross-section (sides a, b) is bent, the sides 
y = + 4b of the cross-section become y = +4b+uy = + 4b(1--ox/R), ie- 
no longer parallel but still straight. The sidcs x = + 4a, however, are bent 
into the parabolic curves 


1 
x = tha+uz = +ła = zp T o(fa?— y?)] 
(Fig. 14). 





The free energy per unit volume of the rod is 
$ Siklik = $ozzlzz = LEx?/R2, 


Integrating over the cross-section of the rod, we have 


1(E/R2) f x2 df. (17.5) 


This is the free energy per unit length of a bent rod. The radius of curvature 
R is that of the neutral surface. However, since the rod is thin, R can here 
be regarded, to the same approximation, as the radius of curvature of the 
bent rod itself, regarded as a line (often called an “elastic line”). 

In the expression (17.5) it is convenient to introduce the moment of 
inertia of the cross-section. The moment of inertia about the y-axis in its plane 
is defined as 


ly = fx df, (17.0) 


analogously to the ordinary moment of inertia, but with the surface clement 
df instead of the mass clement. ‘Then the free energy per unit length of the 
rod can be written 


RET, | RE, (17.7) 
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We can also determine the moment of the internal stress forces on a given 
cross-section of the rod (the bending moment). A force ozz df = (xE/R) df 
acts in the z-direction on the surface element df of the cross-section. Its 


moment about the y-axis is xozz df. Hence the total moment of the forces 
about this axis is 


M; = (EjR) | x2 df = Ely/R. (17.8) 


Thus the curvature 1/R of the elastic line is proportional to the bending 
moment on the cross-section concerned. 

The magnitude of J, depends on the direction of the y-axis in the cross- 
sectional plane. It is convenient to express Jy in terms of the principal 
moments of inertia. If 0 is the angle between the y-axis and one of the 
principal axes of inertia in the cross-section, we know from mechanics that 


Iy = I, cos?@+ I sin?0, (17.9) 


where Jı and Jz are the principal moments of inertia. The planes through 
the z-axis and the principal axes of inertia are called the principal planes of 
bending. 

If, for example, the cross-section is rectangular (with sides a, b), its centre 
of mass is at the centre of the rectangle, and the principal axes of inertia 
are parallel to the sides. The principal moments of inertia are 


I, = a3b/12, In = ab3/12. (17.10) 


For a circular cross-section of radius R, the centre of mass is at the centre 
of the circle, and the principal axes are arbitrary. The moment of inertia 
about any axis lying in the cross-section and passing through the centre is 


I = 4nR4, (17.11) 


§18. The energy of a deformed rod 


In §17 we have discussed only a smail portion of the length of a bent rod. 
In going on to investigate the deformation throughout the rod, we must 
begin by finding a suitable method of describing this deformation. It is 
important to note that, when a rod undergoes large bending deflections, 
there is in general a twisting of it as well, so that the resulting deformation 
is a combination of pure bending and torsion. 

To describe the deformation, it is convenient to proceed as follows. We 
divide the rod into infinitesimal elements, each of which is bounded by two 
adjacent cross-sections. For each such element we use a co-ordinate system 
é, n, ¢, so chosen that all the systems are parallel in the undeformed state, 
and their ¢-axes are parallel to the axis of the rod. When the rod is bent, the 


+ By this, tt should be remembered, we mean that the vector u is not sinall, but the strain tensor 
is still small. 
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co-ordinate system in cach clement is rotated, and in general differently in 
different elements. Any two adjacent systems are rotated through an infini- 
tesimal relative angle. 

Let dẹ be the vector of the angle of relative rotation of two systems at a 
distance d/ apart along the rod (we know that an infinitesimal angle of rotation 
can be regarded as a vector parallel to the axis of rotation; its components 
are the angles of rotation about each of the three axes of co-ordinates). 

To describe the deformation, we use the vector 


Q = dé/dl, (18.1) 


which gives the “rate” of rotation of the co-ordinate axes along the rod. If 
the deformation is a pure torsion, the co-ordinate system rotates only abont 
the axis of the rod, i.e. about the ¢-axis. In this case, therefore, the vector 
Q is parallel to the axis of the rod, and is just the torsion angle 7 used in §16. 
Correspondingly, in the general case of an arbitrary deforination we can call 
the component Q; of the vector Q the torsion angle. For a pure bending of the 
rod in a single plane, on the other hand, the vector Q has no component 4, 
i.e. it lies in the &7-plane at each point. If we take the plane of bending as the 
€¢-plane, then the rotation is about the y-axis at every point, i.e. & is parallel 
to the y-axis. 

We take a unit vector t tangential to the rod (regarded as an clastic Ime). 
The derivative dt/d/ is the curvature vector of the line; its magnitude rm 
1/R, where R is the radius of curvature,} and its direction is that of the 
principal normal to the curve. The change in a vector duc to an infinitesimal 
rotation is equal to the vector product of the rotation vector and the vector 
itself. Hence the change in the vector t between two neighbouring points of 
the elastic line is given by dt = dẹ x t, or, dividing by di, 


dt/dl = Q xt. (18.2) 
Multiplying this equation vectorially by t, we have 
Q = txdt/d/+t(t- Q). (18.3) 


The direction of the tangent vector at any point is the same as that of the 
f-axis at that point. Hence t- Q = Q,. Using the unit vector n along the 
principal normal (n = R dt/d/), we can therefore put 


Q = txXn/R+tQ,. (18.4) 


The first term on the right is a vector with two components U, Q,. 
The unit vector t Xn is the binormal unit vector. Thus the components &2,, 


Q, form a vector along the binormal to the rod, whose magnitude equals the 


curvature 1/R. 


Tt kemay be ceculled that any curve in space is chavacterised at each pome by a curvature and w 
torsion. Uhin taraion (which we shall noc ose) aboukbl not be contised with the tomionul deformation, 
which isan twisting ola pol about sts axs. 
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By using the vector Q to characterise the deformation and ascertaining 
its properties, we can derive an expression for the clastic free energy of a 
bent rod. The elastic energy per unit length of the rod is a quadratic function 
of the deformation, i.e., in this case, a quadratic function of the components 
of the vector 92. It is easy to see that there can be no terms in this quadratic 
form proportional to 2,Q, and Q,0,. For, since the rod is uniform along 
its length, all quantities, and in particular the energy, must remain constant 
when the direction of the positive -axis is reversed, i.e. when ¢ is replaced 
by —¢, whereas the products mentioned change sign. 

For Q; = Q, = 0 we have a pure torsion, and the expression for the 
energy must be that obtained in §16. Thus the term in Q, in the free 
energy is 3CQ/. 

Finally, the terms quadratic in 2, and Q, can be obtained by starting from 
the expression (17.7) for the energy of a slightly bent short section of the rod. 
Let us suppose that the rod is only slightly bent. We take the éf-plane as 
the plane of bending, so that the component 2, is zero; there is also no torsion 
in a slight bending. The expression for the energy must then be that given 
by (17.7), i.e. $ET,/R®. We have seen, however, that 1/R? is the square of the 
two-dimensional vector (Q;, Q,). Hence the energy must be of the form 
2E! For an arbitrary choice of the £ and y axes this expression becomes, 
as we know from mechanics, 


2E(T, 2 j a 27,2,Q¢ + Ih), 


where Lm Ing Ig are the components of the inertia tensor for the cross- 
section of the rod. It is convenient to take the é and y axes to coincide with 
the principal axes of inertia. We then have simply 4E(1Q -+ 29,2), where 
I, Iz are the principal moments of inertia. Since the coefficients of Q,? and 
Q,” are constants, the resulting expression must be valid for large deflections 
also. 

Finally, integrating over the length of the rod, we obtain the following 


expression for the elastic free energy of a bent rod: 
Froa = f GEQ? +}REQ 2 +4CQ2}dl. (18.5) 


Next, we can express in terms of Q the moment of the forces acting on 
a cross-section of the rod. This is easily done by again using the results 
previously obtained for pure torsion and pure bending. In pure torsion, the 
moment of the forces about the axis of the rod is Cr. Hence we conclude 
that, in the general case, the moment M, about the ¢-axis must be CQ,. 
Nest, in a slight deflection in the £f-plane, the moment about the y-axis is 
ERR. In such a bending, however, the vector Q is along the y-axis, so that 
1/R is just the magnitude of Q, and El/R = EQ. Hence we conclude 
that, in the general case, we must have M; = E NOg M, = EBO, (the € and 
y axes being along the principal axes of inertia in the ETOS 'Thus 
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the components of the moment vector M are 
M; 23 EDQ;, M, RQ, M, CQ. (18.6) 


The elastic encrgy (18.5), expressed in terms of the moment of the forces, r. 


> [Me M? Me) ra 
f = -—-— F laa eas : Sof 
za Í ME 2bE 20 f ee 


An important case of the bending of rods is that of a slight bending, m 
which the deviation from the initial position is everywhere small computed 
with the length of the rod. In this case torsion can be supposed absent, and 
we can put Q; = 0, so that (18.4) gives simply 


Q = txn/R =: txdt/dl. (18.8) 


We take a co-ordinate system x, y, z fixed in space, with the 2 ayes alonp thie 
axis of the undeformed rod (instead of the system & 7, 0 for cach port in the 
rod), and denote by X, Y the co-ordinates x, y for points on the clastic bhoc, 
X and Y give the displacement of points on the line from their portions 
before the deformation. 

Since the bending is only slight, the tangent vector tis almost parallel 
to the z-axis, and the difference in direction can be approximately neplected 
The unit tangent vector is the derivative t © dr/d/ of the radis vector r 
of a point on the curve with respect to its length. [lence 


dt/d] = d@r/d/? a: d@r/dz*; 


the derivative with respect to the length can be approximately repliced by 
the derivative with respect to x. In particular, the x and y components ol 
this vector are respectively d?X/dz? and d? Y/ds®_ "T'he components QO), O, 


are, to the same accuracy, equal to Q, Q}, and we have froni (18.8) 


Q; = —d2Y/ds?, Q, = N/d? (i89) 


y 


Substituting these expressions in (18.5), we obtain the clastic enerpy ol a 
slightly bent rod in the form 


d?y \2 (2X \2 f 
Froa = 4E [n (ar) i r( dal ts (18 10) 


Here J; and Jz are the moments of inertia about the axes of wand y respectively, 
which are the principal axes of incrtia. 

In particular, for a rod of circular cross-section, o- 4 7, and the 
integrand is just the sum of the squared second derivatives, which an the 
approximation considered is the square of the curvature: 


v j (" T | 
í 4 wh i 
dz | o de? Re 
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Hence formula (18.10) can be plausibly generalised to the case of slight 
bending of a circular rod having any shape (not nccessarily straight) in its 
undeformed state. To do so, we must write the bending energy as 


1 1\3 
Fyoa = 3EI | (— — —} dz, 18.11 

ae IG za) 7 ae 
where Ro is the radius of curvature at any point of the undeformed rod. This 
expression has a minimum, as it should, in the undeformed state (R = Ro), 
and for Ro > œ it becomes formula (18.10). 


§19. The equations of equilibrium of rods 


We can now derive the equations of equilibrium for a bent rod. We again 
consider an infinitesimal element bounded by two adjoining cross-sections 
of the rod, and calculate the total force acting on it. We denote by F the 
resultant internal stress on a cross-section.t The components of this vector 
are the integrals of oj¢ over the cross-section: 


F = fou df. (19.1) 


If we regard the two adjoining cross-sections as the ends of the element, a 
force F+dF acts on the upper end, and —F on the lower end; the sum of 
these is the differential dF. Next, let K be the external force on the rod per 
unit length. Then an external force K di acts on the element of length di. 
The resultant of the forces on the element is therefore dF + K di. This must 
be zero in equilibrium. Thus we have 


dF/di = — K. (19.2) 


A second equation is obtained from the condition that the total moment of 
the forces on the element is zero. Let M be the moment of the internal 
stresses on the cross-section. This is the moment about a point (the origin) 
which lies in the plane of the cross-section; its components are given by 
formulae (18.6). We shall calculate the total moment, on the element con- 
sidered, about a point O lying in the plane of its upper end. Then the 
internal stresses on this end give a moment M+dM. The moment about O 
of the internal stresses on the lower end of the element is composed of the 
moment —M of those forces about the origin Oʻ in the plane of the lower 
end and the moment about O of the total force —F on that end. This latter 
moment is — dl x —F, where dl is the vector of the element of length of the 
rod between O’ and O. The moment due to the external forces K is of a 
higher order of smallness. Thus the total moment acting on the element 
considered is dM+d1xF. In equilibrium, this must be zero: 


dM+d1xF = 0. 


t This notation will not lead to any confusion with the free energy, which does not appear in 
§§19-21. 
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Dividing this equation by d/ and using the fact that dI/dZ = t is the unit 
vector tangential to the rod (regarded as a line), we have 


dM/dl = F xt. (19.3) 


Equations (19.2) and (19.3) form a complete set of equilibrimi equations 
for a rod bent in any manner. 

If the external forces on the rod are concentrated, ic. applied only at 
isolated points of the rod, the equilibrium equations at all other points are 
much simplified. For K = 0 we have from (19.2) 


F = constant, (19.1) 


i.e. the stress resuitant is constant along any portion of the rod between 
points where forces are applied. The values of the constant are found trom 
the fact that the difference F,—F, of the forces at two points t and 2 is 


FE- Fi = — XK, (t9 h) 


where the sum is over all forces applied to the segment of the rod between 
the two points. It should be noticed that, in the diflerence Fẹ Fy, the 
point 2 is further from the point from which / is measured than is the point 1; 
this is important in determining the signs in equation (19.5). 1a panenka, n 
only one concentrated force f acts on the rod, and is applied at its free cod, 
then F = constant = fat all points of the rod. 

The second equilibrium equation (19.3) is also simplificd. Putting 
t = di/d/ = dr/d/ (where r is the radius vector from any fixed point to the 
point considered) and integrating, we obtain 


M = F Xr+ constant, (19.6) 
since F is constant. 

If concentrated forces also are absent, and the rod is bent by the appheabon 
of concentrated moments, i.e. of concentrated couples, then Fo constant 
at all points of the rod, while M is discontinuous at points where conples 
are applied, the discontinuity being equal to the moment of the couple. 

Let us consider also the boundary conditions at the ends of a bent rod. 
Various cases are possible. 

The end of the rod is said to be clamped (Fig. 4a, §12) if it cannot move 
either longitudinally or transversely, and moreover its direction (Le, the direc 
tion of the tangent to the rod) cannot change. In this case the boundary 
conditions are that the co-ordinates of the end of the red and the unit tangen 
tial vector t there are given. The reaction force and moment exerted on the 
rod by the clamp are determined by solving the equations. 

The opposite case is that of a free end, whose position and direction are 
arbitrary. In this case the boundary conditions are that the foree F and 
moment M must be zero at the end of the rod. 


t Ifa concentrated force Éis applied to the free end af the rod. the boandary condition is P- 1 
not F- 0. 
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If the end of the rod is fixed to a hinge, it cannot be displaced, but its 
direction can vary. In this case the moment of the forces on the freely turning 
end must be zero. 

Finally, if the rod is supported (Fig. 4b), it can slide at the point of support 
but cannot undergo transverse displacements. In this case the direction t of 
the rod at the support and the point on the rod at which it is supported are 
unknown. The moment of the forces at the point of support must be zero, 
since the rod can turn freely, and the force F at that point must be perpen- 
dicular to the rod; a longitudinal force would cause a further sliding of the 
rod at this point. 

The boundary conditions for other modes of fixing the rod can easily be 
established in a similar manner. We shall not pause to add to the typical 
examples already given. 

It was mentioned at the beginning of §18 that a rod of arbitrary cross- 
section undergoing large deflections is in gencral twisted also, even if no 
external twisting moment is applied to the rod. An exception occurs when a 
rod is bent in one of its principal planes, in which case there is no torsion. 
For a rod of circular cross-section no torsion results for any bending (if there 
is no external twisting moment, of course). ‘This can be seen as follows. ‘The 
twisting is given by the component Q, = Q-t of the vector Q. Let us 
calculate the derivative of this along the rod. To do so, we use the fact that 
Q, = M/C: 

dQ, dM dt 


d 
T We tek See Th S pel 
a) dc ae 


Substituting (19.3), we see that the first term is zero, so that 
CdQ,/dl = M-dt/dl. 


For a rod of circular cross-section, J1 = Ig = I; by (18.3) and (18.6), we can 
therefore write M in the form 


M = Elt xdi/d/+tCQ,. (19.7) 
Multiplying by dt/d/, we have zero on the right-hand side, so that 
dQ,/di = 0, 
whence 
Q, = constant, (19.8) 


ie. the torsion angle is constant along the rod. If no twisting moments are 
applied to the ends of the rod, then Q, is zero at the ends, and there is no 
torsion anywhere in the rod. 

For a rod of circular cross-section, we can therefore put for pure bending 


qdr 


i 19.9 
dee ae 


Ir 
M -- Eltxdt/dl = ET x 
£ 


§lo The equations of equilibria of rods sh 


Substituting this in (19.3), we obtain the equation for pure bending of a 
circular rod: 


woe 7 dr ay 

t i— X-— = -——, 10 

d? db xi ( 
PROBLEMS 


PROBLEM 1. Reduce to quadratures the problem of determining the shape of a sel of 
circular cross-section bent in one plane by concentrated forces. 


SOLUTION. Let us consider a portion of the rod lying between points where the Loreen 
are applied; on such a portion F is constant. We take the plane of the bent tod as the av 
plane, with the y-axis parallel to the force F, and introduce the angle @ betwrrn the tanjrent 
to the rod and the y-axis. Then dx/dl = sin 8, dy/dl = cos 6, where x, y are the co-ordinates 
of a point on the rod. Expanding the vector products in (19.10), we obtain the following 
equation for @ as a function of the arc length l: EJd?6/dl?—F sin @ == 0. A fust intepaation 
gives 4£](d0/dl)?+F cos 8 = c}, and 

r dé 
l= PUREED | a T (E) 
4/(c1— F cos 0) 


‘The function 4(/) can be obtained in terms of elliptic functions. 'The co-ordinates 


2 {sin é i, y = | cosé dl 


ar 
i x = +Ẹy/[2EI(c1 — F cos 6)/F?]+ constant, 
cos 0 dé C’) 
=e ED | —————"—— tant. 
y= tv f Taner m 


The moment M (19.9) is parallel to the z-axis, and its magnitude is M =~ [1d0/dl. 


PROBLEM 2. Determine the shape of a bent rod with one end clamped and the other under 
a force f perpendicular to the original direction of the rod (Fig. 15). 








yf 
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SoLUTION. We have F = constant = f everywhere on the rod. At the ckunped end 
(l = 0), 8 = $r, and at the free end (l = L, the length of the rod) M = 0,ie 0 0, Putting 
O(L) = ĝo, we have in (1), Problem 1, cı = f cos 09 and 


an 


1 = y(getif | 


0 


dd 
(cos 09 cos 0) 


50 The FEgnbbiinm of Rods and Plates §19 


Hence we obtain the equation for 0o: 


L= EI oOo od 
= vG nj 4/ (cos 8o — cos 0) ` 


The shape of the rod is given by 
x = /(2EIJP [v (cos 8o) — v (cos 9 — cos 0) }, 
os fo — cos 6) 


see r cos dd 
yvan | 


PROBLEM 3, The same as Problem 2, but for a force f parallel to the original direction of 
the rod. 





‘ 
| 


Ie, 
| 


D 


ea ee X 
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SoLuTion. We have F = —f; the co-ordinate axes are taken as shown in Fig. 16. The 
boundary conditions are 6 = 0 for l = 0, # = 0 for l = L. Then 


l= n a __ 
i z a/ (cos 0— cos 9)’ 


bo = O(L) 


where 
is given by 


a, 


dé 
L= vielif Í 
0 


4/(cos 0 — cos 0) 


For x and y we obtain 


x = y/ (ZEII (1 — cos 8o) — y (cos 0 — cos 00) }, 


SAARI R cos 6 dé 
ya vi P| Fe 


os 0 — cos Oo)’ 
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For a smat deflection, Oae b, and we om wiite 
O, 
A T) 
~ VI agza = PVEN: 


i.e. 89 does not appear. This shows that, in accordance with the result of §21, Problem 3, 
the solution in question exists only for f > w*EI/4L*, i.e. when the rectilinear shape ceases 
to be stable. 
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PROBLEM 4, The same as Problem 2, but for the case where both ends of the rod ae sup- 
ported and a force f is applied at its centre. The distance between the supports is La- 

SoLuTion. We take the co-ordinate axes as shown in Fig. 17. The foree P is constant on 
each of the segments AB and BC, and on each is perpendicular to the direction of the rod at 
the point of support A or C. The difference between the values of F on AB and BC is f, 
and so we conclude that, on AB, F sin 69 = —4/f, where ĝe is the angle between the y-axis 
and the line AC. At the point A (l = 0) we have the conditions 0 = $7 and M = 0, i.e. 
4’ = 0, so that on AB 


EIsin®) + d0 EI sin 0o cos6 
f cos 6” 7 ‘| f x 
6 


ET sin 4 


a a 


4n 
| /cos @ dé. 
o 


The angle 4, is determined from the condition that the projection of AB on the straight hne 
AC must be Lo, whence 


dé. 





4n 
ET sin bo f cos(0— 8o) 
S r f J a/sin 0 


For some value f, lying between 0 and $r the derivative df/d09(f being regarded as a function 
of 44) passes through zero to positive values. A further decrease in ĝe, i.e. increase tn the 
deflection, would mean a decrease in f. Tlus means that the solution found here becomes 
unstable, the rod collapsing hetween the supports. 


PronlEM 5. Reduce to quadnuures the problem of three-tkimensional bending of a rod 
ander the netiou of concentrated forces. 
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SOLUTION. Let us consider a segment of the rod between points where forces are applied, 
on which F = constant. Integrating (19.10), we obtain 


Fe ge 2 F: 1 
aSa OR (1) 


the constant of integration has been written as a vector cF parallel to F, since, by appro- 
priately choosing the origin, i.e. by adding a constant vector to r, we can eliminate any vector 
perpendicular to F. Multiplying (1) scalarly and vectorially by r’ (the prime denoting 
differentiation with respect to 1), and using the fact that r’-r’’ = 0 (since r? = 1), we obtain 
Ferxr’t+cF-r’ = 0, Elr” = (Fxr)xr +cFxr. In components (with the z-axis parallel 


to F) we obtain (xy yx’) +c2" = 0, Elz” = — F(xx’+ 51’). Using cylindrical polar co- 
ordinates r, $, z, we have 
rd’ + cz’ = 0, Elz” = —Frr’. (2) 
The second of these gives 
2’ = F(A—12)/2EI, (3) 
where A is a constant. Combining (2) and (3) with the identity 7 +77¢+27 = 1, we find 
rdr 


di 








[72 = (72+ €2)(A — 72)2F 2/4 E22) 
and then (2) and (3) give 


ae (A—r?)r dr 
cF (A—r*) dr 





=~ ORT ry/[r2— F2(r2 + c2)(A—r2)?/4E2 12] 


which gives the shape of the bent rod. 


PROBLEM 6. A rod of circular cross-section is subjected to torsion (with torsion angle 7) 
and twisted into a spiral. Determine the force and moment which must be applied to the 
ends of the rod to keep it in this state. 


SoLuTion. Jet R be the radius of the cylinder on whose surface the spiral lies (and along 
whose axis we take the z-direction) and « the angle between the tangent to the spiral and a 
plane perpendicular to the z-axis; the pitch # of the spiral is related to cand Rby h = 27R tan «, 
The equation of the spiral is x = R cos $, y = Rsin $, z = $R tan «, where ¢ is the angle 
of rotation about the z-axis. The element of iength is dl = (R/cos «)d¢. Substituting these 
expressions in (19.7), we calculate the components of the vector M, and then the force F 
from formula (19.3); F is constant everywhere on the rod. The result is that the force F is 
parallel to the z-axis and its magnitude is F = Fz = (Cr/R) sin a—(EI/R*) cos? « sin a. 
The moment M has a 2-component Mz = Cr sin «+(EI/R) cos? « and a ¢-component, along 
the tangent to the cross-section of the cylinder, Mg = FR. 


PROBLEM 7. Determine the form of a flexible wire (whose resistance to bending can be 
neglected in comparison with its resistance to stretching) suspended at two points and in a 
gravitational field. 


SoLuTion. We take the plane of the wire as the xy-plane, with the y-axis vertically down- 
wards. In equation (19.3) we can neglect the term M/H, since M is proportional to EI. 
Then Fxt = 0, ie. F is parallel to t at every point, and we can put P = it. Equatinn (19.2) 


then gives 
d/_dx d; dy 
- (r ) 0, (¥ ; ) a 
di\ od di\ di 
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where q is the weight of the wire per unit tength; hence F dx/dl = c, F dy/dl = ql, and so 
F = vV(c*+q4*), so that dx/di = Af/(A? +l), dy/dl = ly (43+), where A ~- ciq. 
Integration gives x = A sinh™ (H/A), y = y(A?+P), whence y = A cosh (x/A), te. the 
wire takes the form of a catenary. The choice of origin and the constant A are determined 
by the fact that the curve must pass through the two given points and have a given length, 
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The equations of equilibrium are considerably simplified in the iniportant 
case of small deflections of rods. This case holds if the direction of the 
vector t tangential to the rod varies only slowly along its length, i.e. the deriva- 
tive dt/d/ is small. In other words, the radius of curvature of the bent rod is 
everywhere large compared with the length of the rod. In practice, this 
condition amounts to requiring that the transverse deflection of the rod is 
small compared with its length. It should be emphasised that the deflection 
need not be small compared with the thickness of the rod, as it had to be in 
the approximate theory of small deflections of plates given in §§11~12.+ 

Differentiating (19.3) with respect to the length, we have 

dM dF ma dt T 
de T wy 
The second term contains the small quantity dt/d/, and so can usually be 
neglected (some exceptional cases are discussed below). Substituting in the 
first term dF/d] = —K, we obtain the equation of equilibrium in the form 


a2M/di2 = t XK. (20.2) 


We write this equation in components, substituting in it from (18.6) and 
(18.9) 





M, = —EhY", M= ERX", Mz=0, (20.3) 


where the prime denotes differentiation with respect to z. The unit vector t 
may be supposed to be parallel to the z-axis. Then (20.2) gives 


EX™ — Kz = 0, EY —K, = 0. (20.4) 


These equations give the deflections X and Y as functions of z, i.e. the shape 
of a slightly bent rod. 

The stress resultant F on a cross-section of the rod can also be expressed in 
terms of the derivatives of X and Y. Substituting (20.3) in (19.3), we obtain 


F,=—-EbX”, Fy = -ERY”. (20.5) 


We see that the second derivatives give the moment of the internal stresses, 
while the third derivatives give the stress resultant. The force (20.5) is 
called the shearing force. If the bending is due to concentrated forces, the 
shearing force is constant along cach segiient of the rod between points 


t We shall not pive the complex theory af the bending ol rods which are nat stinight when un- 
deformed, hut ouly commider ane raniple exaniple tace Probfeum 8 mid 9), 


4 
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where forces are applied, and has a discontinuity at cach of these points 
equal to the force applied there. 

The quantities EJ, and EJ, are called the flexural rigidities of the rod in 
the xz and yz planes respectively.t 

If the external forces applied to the rod act in one plane, the bending takes 
place in one plane, though not in general the same plane. The angle between 
the two planes is easily found. If « is the angle between the plane of action of 
the forces and the first principal plane of bending (the xz-plane), the equa~ 
tions of equilibrium become XY) = (KIRE) cos a, YY) = (KDE) sin «. 
The two equations differ only in the coefficient of K. Hence X and Y are 
proportional, and Y = (X/io/h) tana. The angle 0 between the plane of 
bending and the xz-plane is given by 


tan@ = (l/h) tana. (20.6) 


For a rod of circular cross-section J; = Jz and « = 90, i.e. the bending occurs 
in the plane of action of the forces. The same is true for a rod of any cross- 
section when « = 0, i.e. when the forces act in a principal plane. The magni- 
tude of the deflection ¢ = 1/(X?+ Y3) satisfies the equation 


EIV = K, = Iy]o/4/(? cos?a + 12? sin?a). (20.7) 
The shearing force F is in the same plane as K, and its magnitude is 
F = — EI”. (20.8) 
Here 7 is the ‘ əffective” moment of inertia of the cross-section of the rod. 
We can writ: down explicitly the boundary conditions on the equations of 
equilibrium for a slightly bent rod. If the end of the rod is clamped, we must 


have X = Y = 0 there, and also X’ = Y’ = 0, since its direction cannot 
change. Thus the conditions at a clamped end are 


X=Y=0, X’= Y'=0. (20.9) 


The reaction force and moment at the point of support are determined from 
the known solution by formulae (20.3) and (20.5). 

When the bending is sufficiently slight, the hinging and supporting of a 
point on the rod are equivalent as regards the boundary conditions. The 
reason is that, in the latter case, the longitudinal displacement of the rod at 
its point of support is of the second order of smallness compared with the 


f An equation of the form 
DX Kz = 0 (20.4a) 


also describes the bending of a thin plate in certain limiting cases. Let a rectangular plate (with 
sides a, b and thickness h) be fixed along its sides a (parallel to the y-axis) and bent along its sides b 
(parallel to the z-axis) by a load uniform in the y-direction. In the general case of arbitrary a and b, 
the two-dimensional equation (12.5), with the appropriate boundary conditions at the fixed and free 


edges, must be used to determine the bending. In the limiting case a >- b, however, the deformation 
may be regarded as uniform in the y-direction, and then the two-«itnensional equilibrium equation 
becomes of the form (20.4a), with the flexural rigidity replaced by D- EPa RO 6"). Equation 
(20.4a) is also applicable to the opposite limiting case a»: b, when the plate cau be repacded as a 
rod of length b with a narrow rectangular cross-section (a rectangle of sides a and Aj; in this case, 


however, the flexural rigidity is D Elg ~ Eh'ajh2. 
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transverse deflection, and can therefore be neglected. T'he boundary con- 
ditions of zero transverse displacement and moment give 


X=Y=0, X=Y" =0. (20.10) 


The direction of the end of the rod and the reaction force at the point of 
support are obtained by solving the equations. 

Finally, at a free end, the force F and moment M must be zero. According 
to (20.3) and (20.5), this gives the conditions 


X"=Y"%=0, X”=Y"=0. (20.11) 


If a concentrated force is applied at the free end, then F must be equal to this 
force, and not to zero. 

It is not difficult to generalise equations (20.4) to the case of a rod of 
variable cross-section. For such a rod the moments of inertia /; and Jẹ me 
functions of z. Formulae (20.3), which determine the moment at any cross 
section, are still valid. Substitution in (20.2) now gives 








cus (dele a NEK (20.12 
sal : iz) iz 4 ial A iz) was are 
in which J; and Jz must be differentiated. The shearing force is 
d d2X d day 
re -r (bS) T (1 ) (20.13) 
dz dz? x 





Let us return to equations (20.1). Our neglect of the second term on the 
right-hand side may in some cases be illegitimate, even if the bending is 
slight. The cases involved are those in which a large internal stress resultant 
acts along the rod, i.e. Fz is very large. Such a force is usually caused by a 
strong tension of the rod by external strctching forces applicd ta tts ends. 
We denote by T the constant lengthwise stress Fz. If the rod is strongly 
compressed instead of being extended, T will be negative. In expanding the 
vector product F xdt/d/ we must now rctain the terms in 7’, but those in Fr 
and Fy can again be neglected. Substituting X”, Y”, 1 for the components 
of the vector dt/d/, we obtain the equations of equilibrium in the form 


hEX™— TX” —K, = 0, 
QEY™— TY" — Ky = 0. 
The expressions (20.5) for the shearing force will now contain additional 


terms giving the projections of the foree T (along the veetor t) an the w and 
y axes: 


(20.141) 


F- STO +TX, Fy ~ERY”+ŁTY 01S) 

‘These formulace can also, of course, be obtained directly from (19.3). 
Tn some cases a large force T can result from the bending itself, even if 
no stretching forees are applied. Let us consider a rod with both cuds 
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clamped or hinged to fixed supports, so that no longitudinal displacement is 
possible. Then the bending of the rod must result in an extension of it, 
which leads to a force T in the rod. It is easy to estimate the magnitude of the 
deflection for which this force becomes important. The length L + AL of the 
bent rod is given by 


L 
L+AL = [V(1+X2+ ¥) dz, 
0 


taken along the straight line joining the points of support. For slight bending 
the square root can be expanded in series, and we find 


AL = 4[(X’24 Y?) dz. 
0 


The stress force in simple stretching is equal to the relative extension multi- 
plied by Younc’s modulus and by the area S of the cross-section of the rod. 
Thus the force T is 


T ES fixe Y’2) d 20.16 
= Fpl Xt de (20.16) 


If è is the order of magnitude of the transverse bending, the derivatives 
X’ and Y’ are of the order of ô/L, so that the integral in (20.16) is of the 
order of 62/L, and T ~ ES(6/L)?. The orders of magnitude of the first and 
second terms in (20.14) are respectively E[6/L4 and T/L? ~ ES853/L4, The 
moment of inertia J is of the order of h4, and S ~ A2, where h is the thickness 
of the rod. Substituting, we easily find that the first and second terms in 
(20.14) are comparable in magnitude if ô ~ h. Thus, when a rod with fixed 
ends is bent, the equations of equilibrium can be used in the form (20.4) only 
if the deflection is small in comparison with the thickness of the rod. If 5 
is not small compared with h (but still, of course, small compared with L), 
equations (20.14) must be used. The force T in these equations is not known 
a priori. It must first be regarded as a parameter in the solution, and then 
determined by formula (20.16) from the solution obtained; this gives the 
relation between T and the bending forces applied to the rod. 

The opposite limiting case is that where the resistance of the rod to bending 
is small compared with its resistance to stretching, so that the first terms in 
equations (20.14) can be neglected in comparison with the second terms. 
Physically this case can be realized either by a very strong tension force T or 
by a small value of EJ, which can result from a small thickness A. Rods under 
strong tension are called strings. In such cases the equations of cquilibrium 
are 


TX” Ks 0, TY” +4 Ky 0. (20.17) 
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The ends of the string are fixed, in the sense that their co-ordinates are given, 
i.e. 


X=Y=0. (20.18) 


The direction of the ends cannot be decided arbitrarily, but is piven by the 
solution of the equations. 

In conclusion, we may show how the equations of equilibrium of a slightly 
bent rod may be obtained from the variational principle, using the expression 
(18.10) for the elastic energy: 


Froa = }E | {h Y"2+ X”? dz. 


In equilibrium the sum of this energy and the potential energy due to the 
external forces K acting on the rod must be a minimum, i.e. we must have 
ôFroa— f(Kz5X + Ky Y) dz = 0, where the second term is the work donc 
by the external forces in an infinitesimal displacement of the rod. Fa varying 
Froa, we effect a repeated integration by parts: 


Il 


45 f X”2dz l X"8X" dz 


= [X”8X"]~ | X”8X' dz 
= [X”SX"] —[X"’SX]+ f xovs.x dg, 
and similarly for the integral of Y”2. Collecting terms, we obtain 
f ERYM- K,)8Y + (ERX — K,)8X] dz + 


+E[(Y"SY’— Y”SY)]+ER[(X”8X'—X"8X)] = ( 


The integral gives the equilibrium equations (20.4), since the variations 3X 
and èY are arbitrary. The integrated terms give thc boundary conditions on 
these equations; for example, at a free end the variations 6X, 8Y, oN’, oy" 
are arbitrary, and the corresponding conditions (20.11) are obtained. Also, 
the coefficicnts of SX and SY in these terms give the expressions {2 20.5) for 
the components of the shearing force, and thosc of 5X’ and 8Y’ pive the 
expressions (20.3) for the components of the bending moment. 

Finally, the equations of cquilibrium (20.14) in the presence of a tension 
force T can be obtained by the same method if we inchide in the energy a 
term TAL = 4T f(X%+ Y”) dz, which is the work done by the force T over a 
distance AZ, equal to the extension of the rod. 


PROBLEMS 


Prouwrem 1. Determine the shape af a rod (of length Z) bent by its own weight, for vinous 
modes of sQpport ib thre ends, 
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SoLUTION. The required shape is given by a solution ol the equation Cv) = q/EI, where 
q is the weight per unit length, with the appropriate boundary conditions at its ends, as shown 
in the text. The following shapes and maximum displacements are obtained for various 
modes of support at the ends of the rod. The origin is at one end of the rod in each case. 


(a) Both ends clamped: 
t = g2xX(z—D2/24El, tD = ql4/384ET. 
(b) Both ends supported: 
£ = qz(2—2lz2+ 13)/24EI, tD) = 5ql4/384E1. 
(c) One end (z = J) clamped, the other supported: 
£ = qz(223—3lz2+ 13)/48EI,  &(0-421) = 0-0054q/4/EI. 
(d) One end (z = 0) clamped, the other free: 
{= g2%X(22—4lz+6P)/24El, (1) = qi4/8EI. 


PROBLEM 2. Determine the shape of a rod bent by a force f applied to its mid-point. 


SoLuTion. We have %0) = 0 everywhere except at z = $l. The boundary conditions 
at the ends of the rod (z = 0 and z = l) are determined by the mode of support; at z = $l, 
¢, ¢’ and ¢” must be continuous, and the discontinuity in the shearing force F = —EI{’” 
must be equal to f. 

The shape of the rod (for 0 < z < $l) and the maximum displacement are given by the 
following formulae: 


(a) Both ends clamped: 
t = f22(3l—4z)/48EL, L(A.) = f18/192EI. 
(b) Both ends supported: 
t = fx(3l2—422)/48ET, tN = fBJ48EI. 


The rod is symmetrical about its mid-point, so that the functions {(z) in $l < z < lare 
obtained simply by replacing z by l—z. 


PROBLEM 3. The same as Problem 2, but for a rod clamped at one end (z = 0) and free 
at the other end (z == l), to which a force f is applied. 


SOLUTION. At all points of the rod F = constant = f, so that ¢/” = —f/EJ. Using the 
conditions ¢ = 0, ¢’ = 0 for z = 0, %” = 0 for z = l, we obtain 


C= fer(3l—z)/6EI, (D) = REI. 


PROBLEM 4. Determine the shape of a rod with fixed ends, bent by a couple at its 
mid-point. 


SOLUTION. At all points of the rod 0) = 0, and at z = 41 the moment M = EI{’’ has 
a discontinuity equal to the moment m of the applied couple. The results are: 


(a) Both ends clamped: 
& = mz*(l—2z)/8EIl for 0 < z < 4, 
C= —m(l— z} [l —2(l— z)]/8EII for 4l < z < L 
(b) Both ends hinged: 
C = mz(l?—4z?)/24EIl for 0 < z < 4, 
ra m(I—2){l?— 4(1— 2)?]/24Ell for fl < z< L 
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The rod is bent in opposite directions on the two sides of z -= $l. 


PRoBLEM 5. T'he same as Problem 4, but for the case where one end is clumped and the 
other end free, the couple being applied at the latter end. 


SOLUTION. At all points of the rod M = El” = m, and at z = 0 we have { -= 0, % - 0. 
The shape is given by ¢ = mz?/2E/. 

PROBLEM 6. Determine the shape of a circular rod with hinged ends stretched by a lorca 
T and bent by a force f applied at its mid-point. 


SOLUTION. On the segment 0 < z < $l the shearing force is $f, so that (20.15) gives the 
equation 


g” —TÇJEI = —f{2El, 


The boundary conditions are € = 0’ = 0 for z = 0 and l; Y =0 for a = $l (since {i 
continuous). The shape of the rod (in the segment 0 < z < }l) is given by 


f sinh kz 
= G 7 R) a 


For small k this gives the result obtained in Problem 2 (b). For large k it becomes (+ JAT. 
ie. in accordance with equations (20.17), a flexible wire under a force f takes the form of 
two straight pieces intersecting at z = $l. 

If the force T is due to the stretching of the rod by the transverse force, it nnint be deter - 
mined by formula (20,16). Substituting the above result, we obtain the equation 


173 1 3 8E2173 
als a tnh k- tanh tl] = = 





2 kl 


which determines T as an implicit function of f. 


PROBLEM 7. A circular rod of infinite length lies in an elastic substance, i.¢. when it ia 
bent a force K = —a«f proportional to the deflection acts on it. Determine the shape of tho 
rod when a concentrated force f acts on it. 


SoLuTion. We take the origin at the point where the force f is applied. ‘I'he equution 
EIÇO) = —~a«l holds everywhere except at z = 0. The solution must satisfy the condition 
¢=0 at x = 40, and at z = 0 U’ and 2” must be continuous; the difference between the 
shearing forces F = —EIC’” for z > 0+ and z > 0— must be f. The required solution is 


a 1/4 
E sagt toon lal sina BS (siz) i 


PRrOoBLEM 8. Derive the equation of equilibrium for a slightly bent thin circulnr rod which, 
in its undeformed state, is an arc of a circle and is bent in its plane by radial forces. 





SoLUTION. Taking the origin of polar co-ordinates r, ¢ at the centre of the circle, we wirte 
the equation of the deformed rod as r = a+ %(¢), where a is the radius of the nre nnd ¢ un stall 
radial displacement. Using the expression for the radius of curvature in polar co-otdumten, 
we find as far as the first order in ¢ 


1 re—rr' +272 1 +t” 


R (r2-+.7'2)8/2 “a a2 


where the prime denotes differentiation with respect to ġ. According to (18.11), the chintre 
bending energy is 








BI Sis 
it (£ 1g ) dd, 


0 


oo 1 12 
Froa = FI (z — a) add ae 


a 
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$o being the angle subtended by the arc at its centre. ‘Fhe equation of equilibrium is obtained 
from the variational principle 


do 
8Froa— { 8LKya dp = 0, 
0 


where K, is the external radial force per unit length, with the auxiliary condition 


Qo 
ftag = o0, 


which is, in this approximation, the statement of the fact that the total length of the rod is 
unchanged, i.e. it undergoes no general extension. Using LAGRANGE’s method, we put 


do do 
Fro — f aK,5t d+ aa f èt dọ = 0, 
0 0 


where « is a constant. Varying the integrand in F,oq and integrating the 5¢’’ term twice by 
parts, we obtain 


| (=e 2'4 0) aK, + aalst dg- 


EI tt $ EI + tIS 
+ [E+ ENEE] —— [0 + ESE] = O. 
a a 
Hence we find the equation of equilibriumt 


ENG + 26" + b)/at—- Ky +a = 0, (1) 


the shearing force F = —EI(t’+’")/a®, and the bending moment M = EI(€+¢”)/a*; 
cf. the end of §20. The constant « is determined from the condition that the rod as a whole 
is not stretched. 


PROBLEM 9. Determine the deformation of a circular ring bent by two forces f applied 
along a diameter (Fig. 18). 





Fic. 18 


t In the absence of external forces, Kr- O and a 0; the non-zero solutions of the resulting 
homogeneous equation correspond to n sinple rotation or translation of the whole rod, 
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SoLUTION. hitegrating equation (1), Problema 8, alonj the cironnlerence of the nng, we 
have 2raa = f K,a dọ —- 2f. We have equation (1) with K, O everywhere except at 


¢=Oand ġ =r: 
VEE 40+ fark = 0. 


The required deformation of the ring is symmetrical about the diameters AB and CP, mid 
so we must have ¢’ = 0 at A, B, Cand D. The difference in the shearing forces lor h +01 
must be f. The solution of the equation of equilibrium which satisfies these conditions in 


f= ar +i cosġ— wr cosg sing), 0<d<>z. 


In particular, the points A and B approach through a distance 


Kotto = (E - =). 


§21. The stability of elastic systems 


The behaviour of a rod subject to longitudinal compressing forces is the 
simplest example of the important phenomenon of elastic instability, tust 
discovered by L. EULER. 

In the absence of transverse bending forces Kz, Ky, the cquations of 
equilibrium (20.14) for a compressed rod have the evident solution 
X = Y = 0, which corresponds to the rod’s remaining straight under a 
longitudinal force |T|. This solution, however, gives a stable cquilibrinim 
of the rod only if the compressing force |T] is less than a certain critical value 
Ter. For |T| < Ter, the straight rod is stable with respect to any small pertur- 
bation. In other words, if the rod is slightly bent by some small force, it will 
tend to return to its original position when that force ceases to act. 

If, on the other hand, |T] > Ter, the straight rod is in unstable ecpulibriuin, 
An infinitesimal bending suffices to destroy the equilibrium, and a lage 
bending of the rod results. It is clear that, if this is so, the compressed tod 
cannot actually remain straight. 

The behaviour of the rod after it ceases to be stable must satisfy the equa 
tions for bending with large deflections. The value Ter of the critical load, 
however, can be obtained from the equations for small deflections. lor 
IT| = Ter, the straight rod is in neutral equilibrium. This means that, besides 
the solution X = Y = 0, there must also be states where the rod is slightly 
bent but still in equilibrium. Hence the critical value of Ter is the value of 
|T| for which the equations 


ERXW+|T|X" = 0, Eh (21.1) 





have a non-zero solution. ‘Chis solution gives also the nature of the deformua- 
tion of the rod immediately after tt ceases to be stable. 
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The following Problems give some typical eases of the loss of stability in 
various elastic systems. 


PROBLEMS 
PROBLEM 1. Determine the critical compression force for a rod with hinged ends. 


SOLUTION. Since we are seeking the smallest value of | T| for which equations (21.1) have 
a non-zero solution, it is sufficient to consider only the equation which contains the smaller 
of I, and J,. Let I< I. Then we seek a solution of the equation EI,X0")+|T|X” = 0 
in the form X = A+8Bz+Csinkz+D cos kz, where k = +/(|T|/El,). The non-zero 
solution which satisfies the conditions X = X” = 0 for z = 0 and z = l is X = C sin kz, 
with sin kl = 0. Hence we find the required critical force to be Ter = m ELJI’. On ceasing 
to be stable, the rod takes the form shown in Fig. 19a. 


LEE 





GbE 
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PROBLEM 2. The same as Problem 1, but for a rod with clamped ends (Fig. 19b). 

SOLUTION. Ter = 4n°EI,/I?. 

PROBLEM 3. The same as Problem 1, but for a rod with one end clamped and the other 
free (Fig. 19c). 

SOLUTION. Ter = 7°ET,/41?. 

PROBLEM 4. Determine the critical compression force for a circular rod with hinged ends 
in an elastic medium (see §20, Problem 7). 


SoLUTION. The equations (21.1) must now be replaced by EIX™ +|T|X” +aX = 0. 
A similar treatment gives the solution X = A sin nzz/l, 





er 


mEI al4 
22 n?m EI 


where n is the integer for which Ter is least. When a is large, n > 1, i.e. the rod exhibits 
several undulations as soon as it ceases to be stable. 


PROBLEM 5. A circular rod is subjected to torsion, its ends being clamped. Determine 
the critical torsion beyond which the straight rod becomes unstable. 


SoLUTION. The critical value of the torsion angle is determined by the appearance of 
non-zero solutions of the equations for slight bending of a twisted rod. To derive these 
equations, we substitute the expression (19.7) M = EItx dt/d/+Crt, where 7 is the constant 
torsion angle, in equation (19.3). This gives 


fie C a Fxt 0 
ae a 


§2! The stability of clase systems 9t) 


We differentiate; since the bending is not binge, timy be rogarded ns n contant vector te 
along the axis of the rod (the z-axis) in differentiating tbe first and third terma. Since nhio 
dF/dl = 0 (there being no external forces except at the ends of the rod), we obtain 


Fie Ge 6 
to X—+Cr— = 0, 
Oo ape dpe 


of, in components, 
7 it 
Yv- eX" = 0, 
X4 KY" = 0, 


where x = Cr/EI. Taking as the unknown function £ = X+7Y, we obtain €0") peg” o, 
We seek a solution which satisfies the conditions £ = 0, ¿€ = 0 for z = O and z fm the 
form € = a(1-+ixz—e!X2) -+bz%, and obtain as the compatibility condition of the ecamtouns 
for a and b the relation ex! = (2-+7«l)/(2—ixl), whence xl = tan gel. "Whe smallest root 
of this equation is xl = 4-49, so that Ter = 8-98EI/Cl. 





PROBLEM 6. The same as Problem 5, but for a rod with hinged ends. 
Sotution. In this case we have Ẹ = a(1—etikz —}$ x?z?) +bz, where « is given by 
etl = 1, Le. kl = 2r. 


Hence the required. critical torsion angle is Ter = 2nEI/Cl. 


PROBLEM 7. Determine the limit of stability of a vertical rod under its own weight, the 
ower end being clamped. 


Sotution. If the longitudinal stress F; =: T varies along the rod, d/‘,/df /# 0 in the 
first term of (20.1), and equations (20.14) are replaced by 


DEX™-(TX'Y—Kz 
hEY™)—(TY’) -Ky 


ll 
Oo 


0. 


i 


In the case considered, there are no transverse bending forces anywhere in the rod, und 
T = —q(l—z), where q is the weight of the rod per unit length and z is measined fron: the 
lower end. Assuming that I, < I, we consider the equation 


REX” = TX' = —q(l-2)X'; 


for z = l, X” = 0 automatically. The general integral of this equation for the fim ton 
u = X' is 


u = nla] (n) tb), 
7 = ĝv[a(l- 2}/Eh]. 


The boundary conditions X’ = 0 for z = 0 and X” = 0 for z = l give for the fimction 
u(n) the conditions u = 0 for 7 = nọ = 4v (PEN), u'n? == 0 for y = 0. to ader to nnnsty 
these conditions we must put b = 0 and J-4(79) = 0. The smallest root of tlon equinus 
is nọ = 1-87, and so the critical length is ler = 1-98(//,/q)'"*. 


where 


PROBLEM 8, A rod has an elongated cross-section, so that Jy’) 4. One end is clamped 
and a force f is applied to the other end, which is free, so as to bend it in the principal xx- plane 
(in which the flexural rigidity is K4). Determine the critical force fey at which the rod bent 
in a plane becomes unstable and the red is bent sideways (in the ys-plime), at the same ame 
undergoing torsion. 
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SOLUTION. Since the rigidity EJ, is large compared with Jef, (and with the torsional 
rigidity C),+ the instability as regards sideways bending occurs while the deflection in the 
xz-plane is still small. To determine the point where instability sets in, we must form the 
equations for slight sideways bending of the rod, retaining the terms proportional to the 
products of the force f in the xz-plane and the small displacements. Since there is a concen- 
trated force only at the free end of the rod, we have F = f at all points, and at the free end 
(z = I) the moment M = 0; from formula (19.6) we find the components of the moment 
relative to a fixed systern of co-ordinates x, y, z: Mz = 0, My = (l—z)f, Mz = (Y-—Yo)f, 
where Yọ = Y(l). Taking the components along co-ordinate axes £, n, ¢ fixed at each point 
to the rod, we obtain as far as the first-order terms in the displacements Mz = ¢(l—2)f, 
M, (l—z)f, My = (l—z)f dY/dz+f(Y— Yo), where ¢ is the total angle of rotation of a 
cross-section of the rod under torsion; the torsion angle 7 = d¢/dz is not constant along 
the rod. According to (18.6) and (18.9), however, we have for a small deflection 


M; = -ELY", M,=EhbX", M,=C¥; 
comparing, we obtain the equations of equilibrium 
ELX” = (l-z)f, ELY” = —4(l-2)f, 
CH’ = (I-2)f¥'+(¥-Yoyf. 


The first of these equations gives the main bending of the rod, in the xz-plane; we require 
the value of f for which non-zero solutions of the second and third equations appear. Eliminat- 
ing Y, we find 














p” +h(1—2)2 $ = 0, k = f?JERC. 
The general integral of this equation is 


p = ay (l-z) Jakl- 2)?] + bv 0-2) albR(U— 2)?]. 


At the clamped end (z = 0) we must have ¢ = 0, and at the free end the twisting moment 
C$’ = 0. From the second condition we have a = 0, and then the first gives J-4(4k/?) = 0. 
The smallest root of this equation is $k/* = 2-006, whence fer = 4-01V(EL,C)/i*. 


tł For example, for a narrow rectangular cross-section of sides b and h (b>h), we have 
El, = bhE/12, El, = BhE/12, C = bhi n/3. 


CHAPTER III 


ELASTIC WAVES 


§22. Elastic waves in an isotropic medium 


Ir motion occurs in a deformed body, its temperature is not in gencral 
constant, but varies in both time and space. This considerably complicates 
the exact equations of motion in the general case of arbitrary motions. 

Usually, however, matters are simplified in that the transfer of heat from 
one part of the body to another (by simple thermal conduction) occurs very 
slowly. If the heat exchange during times of the order of the period ol 
oscillatory motions in the body is negligible, we can regard any part al the 
body as thermally insulated, i.e. the motion is adiabatic. In adiabatic delor 
mations, however, oix is given in terms of u; by the usual formalae, the 
only difference being that the ordinary (isothermal) values of Ẹ and o mest br 
replaced by their adiabatic values (see §6). We shall assume in what follows 
that this condition is fulfilled, and accordingly E and ø in this chapter will be 
understood to have their adiabatic values. 

In order to obtain the equations of motion for an elastic medinm, we must 
equate the internal stress force doz,/0x, to the product of the acceleration 
ü; and the mass per unit volume of the body, i.e. its density p: 


pii = OoiplOxy. (22.1) 


This is the general equation of motion. 
In particular, the equations of motion for an isotropic elastic mediun: can 





be written down at once by analogy with the equation of equilibriin (7.2). 
We have 
E 
pu = grad div u. (207) 


Wa 21 +0\(1 20) 


Since all deformations are supposed small, the motions considered in the 
theory of elasticity are small elastic oscillations or elastic wares. We shall 
begin by discussing a plane elastic wave in an infinite isotropie medhun, te 
a wave in which the deformation u is a function only of one co-ordinate 
(x, say) and of the time. All derivatives with respect to y and xin cquationes 
(22.2) are then zero, and we obtain for the components of the vector u the 


equations 
2 2 2 2 
G ue ` a us a "u 1 . K Uy à (22.3) 
Da eë ar at a ar 


tol 


No 
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(the equation for uz is the same as that for uy); heret 


Y E(1—0) =o E 
da a ce lpn +o) ve) 


Equations (22.3) are ordinary wave equations in one dimension, and the 
quantities c; and c: which appear in them are the velocities of propagation of 
the wave. We see that the velocity of propagation for the component ug is 
different from that for uy and uz. 

Thus an elastic wave is essentially two waves propagated independently. 
In one (uz) the displacement is in the direction of propagation; this is called 
the longitudinal wave, and is propagated with velocity cı. In the other wave 
(uy, uz) the displacement is in a plane perpendicular to the direction of propa- 
gation; this is called the transverse wave, and is propagated with velocity cz. 
It is seen from (22.4) that the velocity of longitudinal waves is always greater 
than that of transverse waves: we always have} 


cp > V(4/3)ce. (22.5) 


The velocities cz and cz are often called the longitudinal and transverse veloci- 
ties of sound. 

We know that the volume change in a deformation is given by the sum of 
the diagonal terms in the strain tensor, i.e. by uj; = div u. In the transverse 
wave there is no component uz, and, since the other components do not 
depend on y or z, divu = 0 for such a wave. Thus transverse waves do not 
involve any change in volume of the parts of the body. For longitudinal 
waves, however, divu # 0, and these waves involve compressions and 
expansions in the body. 

The separation of the wave into two parts propagated independently with 
different velocities can also be effected in the general case of an arbitrary 
(not plane) elastic wave in an infinite medium. We rewrite equation (22.2) in 
terms of the velocities cz and cz: 


ü = c2£Au+ (c?—¢?) grad div u. (22.6) 
We then represent the vector u as the sum of two parts: 
u = u+ Uus (22.7) 
of which one satisfies 
div ų = 0 (22.8) 
and the other satisfies 
curl u; = 0. (22.9) 


‘We know from vector analysis that this representation (i.e. the expression of 


t We may give also expressions for c and ¢¢ in terms of the moduli of compression and rigidity 
and the Lamé coefficients: cy — /{(3K | 4)/38p} o MEAL 9p} e VG). 
t Since o actually varies only between O und 4 (ice the second lootnote to §5), we always have 


oy > yeer 
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a vector as the sum of the eurl of a vector and the gradient of a scalar) is 
always possible. 
Substituting u = u; + uz in (22.6), we obtain 


ü, +ü; = a A lurt u) + (c — cê) grad div uz. (22, | 0) 
We take the divergence of both sides. Since div u; = 0, the resnlt is 
divi, = g? A div q+ (&?— c?) A div u, 


or div(üz—c2A u;) = 0. The curl of the expression in parentheses is also 
zero, by (22.9). If the curl and divergence of a vector both vanish in all 
space, that vector must be zero identically. 'Thus 


02 u; 


Oe = cP Au, = 0. (2.2.1 l) 





Similarly, taking the curl of equation (22.10) we have, since the embi of uy 
and of any gradient are zero, curl (ü;— cA uz) > 0. Stuce the diverponce 
of the expression in parentheses is also zero, we obtain an cqnation of the 
same form as (22.11): 

ou 2 0 ( Ss l ; 
=a T Ay = O. 22.12) 
ot? 

Equations (22.11) and (22.12) are ordinary wave equations in three dunen 
sions. Each of them represents the propagation of an clastic wave, with 
velocity c; and c; respectively. One wave (uz) does not involve a change m 
volume (since div u; = 0), while the other (uy) is accompanied by volnuine 
compressions and expansions. 

In a monochromatic elastic wave, the displacement vector is 


u = refu(r)e teh, (22.14) 
where uo is a function of the co-ordinates which satisties the equation 
a A up + (a-c?) grad div uo+ œup: 0, (22.14) 


obtained by substituting (22.13) in (22.6). The longitudinal and trinsverse 
parts of a monochromatic wave satisfy the equations 


Au,+ku; = 0, Aut keu 0, (22.15) 


where k; = wfc, ky = wfc, are the wave numbers of the longittidinal ard 
transverse waves. 

Finally, let us consider the reflection and refraction of a plane mono 
chromatic elastic wave at the boundary between two different clastie piedra. 
It must be borne in mind that the nature of the wave is im general changed 
when it is reflected or refracted. Ifa purely transverse or purely longitudinal 
wave is incident on a surface of separation, the result is a mixed wave con- 
taining both transverse and longitudinal parts. Fhe nature of the wave 
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remains unchanged (as we see from symmetry) only when it is incident 
normaliy on the surface of separation, or when a transverse wave whose 
oscillations are parallel to the plane of separation is incident (at any angle). 

The relations giving the directions of the reflected and refracted waves can 
be obtained immediately from the constancy of the frequency and of the 
tangential components of the wave vector. Let 0 and @” be the angles of 
incidence and reflection (or refraction) and c, c’ the velocities of the two waves. 


Then 
sin @ c 


—— = —. (22.16) 

sin 4 c 

For example, let the incident wave be transverse. Then c = cy is the 

velocity of transverse waves in medium 1. For the transverse reflected wave 
we have c’ = cy also, so that (22.16) gives 0 = 6”, i.e. the angle of incidence 
is equal to the angle of reflection. For the longitudinal reflected wave, 
however, c’ = cy, and so 

sin @ cn 

sind! = cy 
For the transverse part of the refracted wave c’ = cig, and for a transverse 
incident wave 


sin @ Ctl 
sind” ae’ 
Stmilaily, for the longitudinal refracted wave 
sin@ CH 
sin’ aa. 
PROBLEMS 


PROBLEM 1. Determine the reflection coefficient for a longitudinal monochromatic wave 
incident at any angle on the surface of a body (with a vacuum outside).{ 





Fic. 20 
SoLuTion, When the wave is reflected, there are in general both longitudinal and trans- 
verse reflected waves. It is clear from symmetry that the displacement vector in the trans- 
verse reflected wave lies in the plane of incidence (Fig. 20, where no, N, and ne are unit 


Tt See Fluid Mechanics, §65. The arguments given there are applicable to thrir entirety. 
t The more general case of the reflection of sound waves from a solid liquid interface, and the 
similar problem of the reflection of 2 wave incident from a licpad on to a solid, are diseased by 1. M. 


BREKHOVSKIKH, Waves in Layered Media, Sb Acarlemec rei, New York 1960. 
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vectors in the direction of propayation of the incident, longitudinal reflected and transverse 
reflected waves, and Uo, Urn W the corresponding displacement vectors). The total displace- 
ment in the body is given by the sum (omitting the common factor e~#* for brevity) 


u = Apnoet*ot + Amiket + Aya X netter, 


where a is a unit vector perpendicular to the plane of incidence. The magnitudes of the wave 
vectors are ky = k; = w/c, ki = wjcr, and the angles of incidence 99 and of reflection 6), 
8s are related by @; = 8o, sin 8: = (c1/c,) sin ĉo. For the components of the strain tensor at 
the boundary we obtain 


Ung = tko( Ao + Aj) cos20o + 1A, cos 6; sin O, uy = tko( Ao + Aih 
Ugy = tko( Ao = Ai) sin bo Cos o+ 41 Arky (cos26,— sin?0;), 


again omitting the common exponential factor. The components of the stress tensor can be 
calculated from the general formula (5.11), which can here be conveniently written 


ik = 2paPuir + pcr? — 2cy")uydix. 
The boundary conditions at the free surface of the medium are otne = 0, whence 
Ozz = Oyz = 0, 
giving two equations which express A; and A: in terms of Ag. The result is 


c sin 2; sin 269 — cÈ cos? 20; 


Al = Or an Sac ean Ft 
cÈ sin 20; sin 209+ c; cos? 20, 
A 2cycz sin 209 cos 20; 
FC? sin 20; sin 209+ cÈ cos? 20 
For 6, = 0 we have A; = —Ao, At = 0, i.e. the wave is reflected as a purely longitudinal 


wave. The ratio of the energy flux density components normal to the surface in the reflected 
and incident longitudinal waves is R; = |A;/Ao|?. The corresponding ratio for the reflected 
transverse wave is 

2 


C4 COS O: Ar 


Ao 








cı cos bo 
The sum of R, and Rt is, of course, 1. 


PROBLEM 2. The same as Problem 1, but for a transverse incident wave (with the osalla 
tions in the plane of incidence). 

SoLuTion. The wave is reflected as a transverse and a longitudinal wave, with 0; 0 
ce sin 8; = c sin fo The total displacement vector is 


u = aX noAoet*o t+ ny Aether a KX Aether, 
The expressions for the amplitudes of the reflected waves are 


A, 2 sin 26, sin 209 — cÈ cos? 209 





Ag ce sin 20 sin 20y + aÈ cos? 20a f 
A 2ce sin 20o cos 20o 
Aa cÈ sin 20; sin 20y-4- ce cos? 20o ` 


t Hibe oseilttions are perpendicular to the plahe of incidere, the wave rs entirely reflected nsa 
waive ol thre sime kinh, iod car fey [l 
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PROBLEM 3. Determine the characteristic frequencies of radial vibrations of an clastic 
phere of radius R. 


SoLuTION. We take spherical polar co-ordinates, with the origin at the centre of the sphere. 
For radial vibrations, u is along the radius, and is a function of ry and ż only. Hence curl u = 0. 
We define the displacement ‘potential’? ¢ by uy = u = @6/0r. The equation of motion, 
expressed in terms of ¢, is just the wave equation c7A¢ = 4, or, for oscillations periodic in 


time (~e~ 4), 
1 e/a 
(e *) = —k4, k = wey. (1) 





or, 


The solution which is finite at the origin is ¢ = (A/r) sin kr (the time factor is omitted). The 
radial stress is 


Orr = f(a? — 2c + Zen 


= f(a? — 2c) Ab + 289 


or, using (1), 





onlp = -p-ep |r. (2) 
The boundary conditionc;;(R) = 0 leads to the equation 
tan kR 1 
kR 1—(kRey[2cy)?” (3) 


whose roots determine the characteristic frequencies w = kc, of the vibrations. 


PROBLEM 4. Determine the frequency of radial vibrations of a spherical cavity in an infinite 
elastic medium for which c: > c: (M. A. Isakovicu 1949), 


SoLUTION. In an infinite medium, radial oscillations of the cavity are accompanied by the 
emission of longitudinal sound waves, leading to loss of energy and hence to damping of the 
oscillations. When c > c (i.e. K > p), this emission is weak, and we can speak of the charac- 
teristic frequencies of oscillations with a small coefficient of damping. 

We seek a solution of equation (1), Problem 3, in the form of an outgoing spherical wave 
$ = Aetkrir, k = w/c; and, using (2), obtain from the boundary condition or(R) = 0 the 
result (RRez/ct)? = 4(1—-7kR}. Hence, when ci > ce, 


2c; „Ct 
N =F(1-). 
R Cl 


The real part of w gives the characteristic frequency of oscillation; the imaginary part gives 
the damping coefficient. In an incompressible medium (c;—> 00) there would of course be no 
damping. These vibrations are specifically due to the shear resistance of the medium (u + 0). 
It should be noticed that they have AR = 2ce/cr <1, i.e. the corresponding wavelength is 
large compared with R; it is interesting to compare this with the result for vibrations of an 
elastic sphere, where with c; >> ct the first characteristic frequency is given by (3): RR = ~. 


§23. Elastic waves in crystals 


The propagation of elastic waves in anisotropic media, i.e. in crystals, is 
more complicated than for the case of isotropic media. To investigate such 
waves, we must return to the general equations of motion pii == dojx/OxK 
and use for oj the general expression (10.3) oix =- Arguattom According to 
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what was said at the beginning of §22, Axcim always denotes the adiabatic 
moduli of elasticity. 
Substituting for o;z in the equations of motion, we obtain 


Ou m f] Dur um 
aur) 





při = ikim = $irtm 


Oxk Ox~n \OXm Ox, 


du dum 
= Zirma t BAikim . 
OxXEOXm, Ox;,0x1 
Since the tensor Akim is symmetrical with respect to the suffixes / and w 
we can interchange these in the first term, which then becomes identical 
with the second term. Thus the equations of motion are 


Cum 

pii = Nixim>—->—- (23.1) 
oxox 

Let us consider a monochromatic elastic wave in a crystal. Wr can urrh 
a solution of the equations of motion in the form 1 rye where Ear 
uo; are constants, the relation between the wave vector k and thr frerypiency co 
being such that this function actually satisfies equation (23.1). Dullerentietdion 
of u; with respect to time results in multiplication by fa, and diferente 
tion with respect to x; leads to multiplication by ikp. ence the above snbsti 
tution converts equation (23.1) into pwu; = Agkinkekiatn. Putting ay Ppnttn, 
we can write this as 


(p@?8im — Askimkrky)Um = 0. (2.3.2) 


This is a set of three homogeneous equations of the lirst degree Ior the 
unknowns wz, uy, uz. Such equations have non-zero solutions only il the 
determinant of the coefficients is zero. Thus we must have 


lAsxumkxky— po®Sim| = 0. (23.3) 


This is a cubic equation in w?. It has three roots, which are in pence 
different. Each root gives the frequency as a function of the wave vector k] 

Substituting each in turn in equation (23.2), we obtain cquations prvin 
the components of the corresponding displacement u (since the equations 
are homogeneous, of course, only the ratios of the three componrsts uy are 
obtained, and not their absolute values, so that all the ng can hr roultiylirs! 
by an arbitrary constant). 

The velocity of propagation of the wave (the group velocity) is given by the 
derivative of the frequency with respect to the wave vector. fu an isotrope 
body, the frequency is proportional to the magnitude of k, aud so the direc 
tion of the velocity U = @w/dk is the same as that of k. In crystals dus 
relation docs not hold, and the direction of propagation of the wave is there 
fore not the same as that of its wave vector. 


+ In an isotropic body, equation (23.3) gives the result previously obtained: obe root œ — a'h" 
apd two cotpcident toots w" le. 
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It is seen from cquation (23.3) that @ ts a homagencous fiction, of degree 
one, of the components k;; if the unknown quantity is taken as the ratio w/k, 
the coefficients in the equation do not depend on k. Hence the velocity af 
propagation dw/dk is a homogeneous function, of degree zero, of ky. ‘Vis 
the velocity of a wave is a function of its direction, but not of its frequency. 

Since there are three possible relations between w and k for any direction 
in the crystal, there are in general three different velocities of propagation 
of elastic waves. These velocities are the same only in a few exceptional 
directions. 

In an isotropic medium, purely longitudinal and purely transverse waves 
correspond to two different velocities of propagation. In a crystal, on the 
other hand, to each velocity of propagation there corresponds a wave in which 
the displacement vector has components both parallel and perpendicular 
to the direction of propagation. 

Finally, we may notice the following. For any given wave vector k in a 
crystal there can be three waves, with different frequencies and velocities of 
Propagation. It is easy to see that the displacement vectors u in these threc 
waves are mutually perpendicular. For, when k is given, equation (23.3) may 
be regarded as determining the principal values pw? of a tensor of rank two, 
Nikimkxki, which is symmetrical with respect to the suffixes 7, m.t Equations 
(23.2) then give the principal axes of this tensor, which we know are mutually 
perpendicular. 


PROBLEM 


Determine the frequency as a function of the wave vector for elastic waves propagated in a 
crystal of the hexagonal system. 


SoLution. The non-zero components of the tensor À;xım in the co-ordinates x, y, z are 
related to those in the co-ordinates €, ņ, z (see §10) by 
Anazxa = Ayyyy = a+b, Arayy = a—b, Àzyzy = b, 


Àzzzz = Ayyez = ¢, Aneaz = Ayzyz = d, Àzzzz = f 
where we have put 


À 


The z-axis is along the sixth-order axis of symmetry; the directions of the x and y axes are 
arbitrary. We take the xz-plane such that it contains the wave vector k. Then kz = ksin J, 
ky = 0, kz = k cos 9, where @ is the angle between k and the z-axis. Forming the equation 
(23-3) and solving it, we obtain three different dependences of w on k: 


gay = 44, Neem 58b, Aaz = 20, Ngana = 2d. 


œ? = k?(b sin? + d cos?6)/p, 


ke 
w2, 3? = a +b) sin? +f cos?h + d + 4/([(a +b -— d) sin?0 + (d—f) cos?0]? + 
p 


+4(c + d)? sin?0 cos?0)}. 
t By the symmetry of the tensor Arim, we bave Àiktmkaki Anauthalte  ÀAmyekgkie Ve bitter 
expression differs from Amrukeky anty hy the naming of the sathaes Æ und Go sa that the tensor 


Agkimkuky has the synunetiy stated, 
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§24. Surface waves 


A particular kind of elastic waves are thase propagated near the sit tice 
of a body without penetrating into it (Rayleigh waves). We write the cquitiay 
of motion in the form (22.11) and (22.12): 

ee od 

ze AR (ALD) 
where u is any component of the vectors u, uz, and c is the carrespandiny: 
velocity cz; or c and seek solutions corresponding to these surface waves. 
The surface of the elastic medium is supposed plane and of infinite extent. 
We take this plane as the xy-plane; let the medium be in s < 0. 

Let us consider a plane monochromatic surface wave propagated along the 
x-axis. Accordingly u = etke-otf(z), Substituting this expression in (24.1), we 
obtain for the function f(z) the equation 


dz2 


If k2—w/c2 < 0, this equation gives a periodic function f, t.c. we obtain 
an ordinary plane wave which is not damped inside the body. We must 
therefore suppose that k?—w?/c2 > 0. Then the solutions for / are 


f(z) = constant x exp( + Je — z] 2}. 


The solution with the minus sign would correspond to an unlimited inetease 
in the deformation for z + — œ. This solution is clearly impossible, and 
so the plus sign must be taken. 

Thus we have the following solution of the equations of motian: 


u = constant x etka exe, (247) 

where 
k = 4/(R2— w2!c?), (243) 
It corresponds to a wave which is exponentially damped towards the interro 


of the medium, i.e. is propagated only near the surface. ‘Fhe quantity « 
determines the rapidity of the damping. 

The true displacement vector u in the wave is the sum of the vectors uy) and 
us the components of each of which satisfy the equation (24.1) with « «i 
for u; and c; for up For volume waves in an infinite medium, the two parta 
are independently propagated waves. For surface waves, however, this 
division into two independent parts is nat possible, an acconnt of the banadary 
conditions. ‘lhe displacement vector u must be a definite Hear combination 
of the vectors u and u,. Jt should also be mentioned that these latter vectors 
have no longer the staple significance of the displacement components 
parallel and perpendicular to the direction of propagation. 
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To determine the linear combination af the vectors u; and u; which gives 
the true displacement u, we must use the conditions at the boundary of the 
body. These give a relation between the wave vector k and the frequency w, 
and therefore the velocity of propagation of the wave. At the free surface 
we must have cing = 0. Since the normal vector n is parallel to the z-axis, 
it follows that ozz = oyz = ozz = 0, whence 


Urz = 0, Uyz = 0, O(Ure+Uyy)+(1 — o)uzz = 0. (24.4) 


Since all quantities are independent of the co-ordinate y, the second of 
these conditions gives 


Using (24.2), we therefore have 
uy = 0. (24.5) 


Thus the displacement vector u in a surface wave is in a plane through the 
direction of propagation perpendicular to the surface. 

The transverse part u; of the wave must satisfy the condition (22.8) 
div u; = 0, or 





The dependence of u and u: on x and zg is determined by the factor 
eissi, where x is given by the expression (24.3) with c = cy, i.e. 


k = 4/(R— oja). 
Hence the above condition leads to the equation 
tRuig + Klig = Q, Or Utgļutz = — Ky /th. 
Thus we can write 
Utz = Kyactke+Kyz—tot, uz = —ikactkx+ «2-tot, (24.6) 


where a is some constant. 
The longitudinal part u; satisfies the condition (22.9) curl u; = 0, or 





whence 
thu, — kig = 0 (1 = 4/[R2— w2/c7?]). 
Thus we must have 
tig = kbetkatx2-tot, Ug = — iryhet kti g-in, (24.7) 


where b is a constant. 
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We now use the first and third conditions (24.4). Expressing ty in terms 
of the derivatives of uj, and using the velocities cj, c} we can write these 
conditions as 


(24.8) 


Here we must substitute uz = ujg+Uig, Uz = Ulz+Uyz The result is that 
the first condition (24.8) gives 


a(k? + «;2)+ 2bke, = 0. (24.9) 
The second condition leads to the equation 
Racek + bfal k®) + 2k] = 0. 
Dividing this equation by c; and substituting 
Kk = — oja = —(R?— KP )c2/cP, 
we can write it as 
Zark + b(k? + K?) = 0. (24.10) 


The condition for the two homogeneous equations (24.9) and (24.10) 
to be compatible is (k?+ x)? = 4h2«;«; or, squaring and substituting 
the values of «;2 and «;2, 


w? \4 w? we 
(2 - =) z 16K (7e > =) (e ae ) (24.11) 
oe ce Ce 
From this equation we obtain the relation between wand k. [tin convement 
to put 
w = qké; (24.17) 


k8 then cancels from both sides of the equation, and, expanding, we obtum 
for € the equation 


6 4 2 ce ct 
gesel -2%)-16(1 - E) =0. (24.13) 
ce ce 


Hence we see that £ depends only on the ratio ct/cọ which is a constant 
characteristic of any given substance and in turn depends only on Potssan’s 
ratio: 


ala — v4- 2o) 21- o). 
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The quantity é must, af course, he real and positive, and é < 1 (so that 
«and «x; are real). Equation (24.13) has only one root satisfying these con- 
ditions, and so a single value of € is obtained for any given value of cije 

Thus, for both surface waves and volume waves, the frequency is pro- 
portional to the wave number. The proportionality coefficient is the velocity 
of propagation of the wave, 


U = of. (24.14) 


This gives the velocity of propagation of surface waves in terms of the 
velocities c; and c; of the transverse and longitudinal volume waves. The 
ratio of the amplitudes of the transverse and longitudinal parts of the wave 
is given in terms of € by the formula 

a 2— 

SDA ce iso . (24.15) 

b v(i- £) 

The ratio c;/c; actually varies from 1/4/2 to 0 for various substances, 

corresponding to the variation of o from 0 to 4; £ then varies from 0-874 to 
0-955. Fig. 21 shows a graph of £ as a function of o. 


1-00 
0-95 
é 
0-90 
983 7/4 7/2 
a 
Fic. 21 
PROBLEM 


A plane-parallel slab of thickness # (medium 1) lies on an elastic half-space (medium 2). 
Determine the frequency as a function of the wave number for transverse waves in the slab 
whose direction of oscillation is parallel to its boundaries. 


SoLuTIon, We take the plane separating the slab from the half-space as the xy-plane, 
the half-space being in z < 0 and the slab in 0 < x < k. In the slab we have 


Ug] = Uz = 0, uyi = fziko, 
and in medium 2 a damped wave: 
Uz2 = Uz = 0, uyg = Aestetka—wb, kg = y/(k?— œ?c2). 


For the function f(z) we have the equation 


f+ ref = 0, KI = J (2 feu? — k?) 
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(we shall see below that <? >> 0), whence f(z) Bsin mg | Cocos «2. At the free suface 
of the slab (z = h) we must have ozy =- 0, Le. Guy, fz -- 0. At the bouukuy between the 
two media (x = 0) the conditions are uy, = tys fy Ouy,/Oz == pyAuyfOz, poy and yy being the 
moduli of rigidity for the two media, From these conditions we find three equations for 
A, B, C, and the compatibility condition is tan h = prajmi This equation pives w 
as an implicit function of k; it has solutions only for real xı and «a and so ce + wfk ora 
Hence we see that such waves can be propagated only if cra > ci 


§25. Vibration of rods and plates 


Waves propagated in thin rods and plates are fundamentally different 
from those propagated in a medium infinite in all directions. Ilere we are 
speaking of waves of length large compared with the thickness of the rod or 
plate. If the wavelength is small compared with this thickness, the rod or 
plate is effectively infinite in all directions as regards the propagation of the 
wave, and we return to the results obtained for infinite medix. 

Waves in which the oscillations are parallel to the axis of the rod or the 
plane of the plate must be distinguished from those in which they are poo 
pendicular to it. We shall begin by studying longitudinal waves in rods. 

A longitudinal deformation of the rod (uniform over any cross-section), with 
no external force on the sides of the rod, is a simple extension or compresston, 
Thus longitudinal waves in a rod are simple extensions or compressions 
propagated along its length. In a simple extension, however, only the com- 
ponent oz, of the stress tensor (the z-axis being along the rod) is dillerent 
from zero; it is related to the strain tensor by ozz = Kuz, Mou,/ox 
(see §5). Substituting this in the general equation of motion ptiz -- dez,/0%4, 
we find 





We seh nd Py | (25.1) 


This is the equation of longitudinal vibrations in rods. We sce that itis an 
ordinary wave equation. The velocity of propagation of longitudinal waves 
in rods is 


V(Elp)- (25.2) 
Comparing this with the expression (22.4) for c, we see that it is less than 
the velocity of propagation of longitudinal waves in an infmite medine, 
Let us now consider longitudinal waves in thin plates. "The equations al 
motion for such vibrations can be written down at once by sirbstioitiny 
— phd?uz/ dt? and — phd?uy/dt? for Pz and Py in the equilibrnim equations 
(13.4): 











p uy 1 Puz 1 uz 1 Puy 

= ea eee “ps ae iy 
E at? 1—o? 3x? lto) dy? 21-0) dxdy (25.3) 
p uy 1 uy 1 Uy 1 O2u y i 


aio AES aes Pest -- =- =s o : 
E ot l-o 0y? 2(1 1 uv) one 2(1 — o) axdy 
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We take the case of a plane wave propagated along the x-axis, Le. a wave im 
which the deformation depends only on the co-ordinate x, and not on y. 
Then equations (25.3) are much simplified, becoming 


Ou, E @uz duy E duy 


= - = 0. 25.4 
ar? p(1—o?) 3x? ot? 2p(1 +0) dx? en 








2 


We thus again obtain wave equations. The coefficients are different for uz 
and uy. The velocity of propagation of a wave with oscillations parallel to the 
direction of propagation (uz) is 


V{Ele(1—0°)}. (25.5) 


The velocity for a wave (uy) with oscillations perpendicular to the direction 
of propagation (but still in the plane of the plate) is equal to the velocity c; of 
transverse waves in an infinite medium. 

Thus we see that longitudinal waves in rods and plates are of the same 
nature as in an infinite medium, only the velocity being different; as before, 
it is independent of the frequency. Entirely different results are obtained for 
bending waves in rods and plates, for which the oscillations are in a direction 
perpendicular to the axis of the rod or the plane of the plate, i.e. involve 
bending. 

The equations for free oscillations of a plate can be written down at once 
from the equilibrium equation (12.5). To do so, we must replace — P by the 
acceleration ~ multiplied by the mass ph per unit area of the plate. This 
gives 


a2 Eh? 


— + At = 0, 25.6 
a 1AA ee) 


P 


where A is the two-dimensional Laplacian. 
Let us consider a monochromatic elastic wave, and accordingly seek a 
solution of equation (25.6) in the form 


¢ = constant x etk-r- ob), (25.7) 


where the wave vector k has, of course, only two components, kg and k,. 
Substituting in (25.6), we obtain the equation 


— po? + Eh2k4/12(1 — 0?) = 0. 


Hence we have the following relation between the frequency and the wave 
number: 


o BAEN Zp o). (25.8) 


"This the frequency ts proportional to the square ol the wave mimber, whereas 
in waves in an infinite medhun itis proportional to the wave number itself, 
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Knowing the relation between the frequency and the wave mimber, we can 
determine the velocity of propagation of the wave from the formala 


U = o/k. 


The derivatives of k? with respect to the components kz, ky are respectively 
2kz, 2ky. The velocity of propagation of the wave is therefore 


U = kyV{El2/3p(1 — 02)}. (25.9) 


It is proportional to the wave vector, and not a constant as it is for waves in 
a medium infinite in three dimensions. 

Similar results are obtained for bending waves in thin rods. ‘The bending: 
deflections of the rod are supposed small. The equations of motion are 
obtained by replacing — Kz and — Ky in the cquations of cquiltbrtaas fota 
slightly bent rod (20.4) by the product of the aceeleration Voor Y aud the 
mass pS per unit length of the rod (S being its cross-sechonal area). ‘Elian 


pSX = ElyaXjaz4, = pSY -- KLASY Jas", (2> 10) 
We again seek solutions of these equations in the form 
X = constant x ettz- et), Y = constant x ee ef), 


Substituting in (25.10), we obtain the following relations between the fre 
quency and the wave number: 


w = k?4/(EIy/pS), œw = k4/(EI,z/pS), (25.11) 


for vibrations in the x and y directions respectively. The corresponding 
velocities of propagation are 


U® = 2ky/(Ely[pS), UY = 2kv/(EI,|pS). (25.12) 


Finally, there is a particular case of vibration of rods called torsional 
vibration. The corresponding equations of motion are derived by equating 
Cdr/dz (see §18) to the time derivative of the angular momentinin of the rod 
per unit length. This angular momentum is pl0/dt, where op/dt is the 
angular velocity (¢ being the angle of rotation of the cross-section considered) 
and I = f(x?+y?) df is the moment of inertia of the cross-section about ata 
centre of mass; for pure torsional vibration each cross-section of the rod 
performs rotary vibrations about its centre of mass, which remains at rest, 
Putting 7 = 0¢/dz, we obtain the equation of motion in the form 


Ca%h/ax2 = pld/ar2. (25.13) 


t Whe wave number k 2rjà, where À is the wavelength, Hence the velocity of propagation 
should increase without limit as A tends to zero, ‘Vhis plystcally impossible result in obtained becuiune 
formula (25.9) is not valul for shor waves, 
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Hence we see that the velocity of propagation of torsional oscillations along 
the rod is 


V(C/pl). (25.14) 


PROBLEMS 


PROBLEM 1. Determine the characteristic frequencies of longitudinal vibrations of a rod 
of length l, with one end fixed and the other free. 


SoLuTiIon. At the fixed end (z = 0) we must have u: = 0, and at the free end (z = l) 
Oz, = Etez = 0, ie. Ou,/Oz = 0. We seek a solution of equation (25.1) in the form 


uz = A cos(wt +a) sin kz, 


where k = wy (p/E). From the condition at z = ] we have cos kl = 0, whence the charac- 
teristic frequencies are 


o = V(Elp)(2n+1)m/2L 
n being any integer. 


PROBLEM 2. The same as Problem 1, but for a rod with both ends free or both fixed. 
SoLuTion. In either case w = y (Elp) nrjl. 


PROBLEM 3. Determine the characteristic frequencies of vibration of a string of length l. 
SoLuTion. The equation of motion of the string is 


aX pS 2X 


Oz? T of f 





cf. the equilibrium equation (20.17). The boundary conditions are that X = 0 for x = 0 
and Z. The characteristic frequencies are w = +/(pS/T)nz/l. 


PROBLEM 4, Determine the characteristic transverse vibrations of a rod (of length l) with 
clamped ends. 


SoLuTION. Equation (25.10), on substituting X = X¢(z) cos(wt+«), becomes 
dt Xojdzt = tXo, 
where x4 = w*pS/EIy. The general integral of this equation is 
Xo = Acos«z+B sin kz + C cosh «z+ D sinh xz. 


The constants A, B, C and D are determined from the boundary conditions that X = dX/dz 
= 0 for z = Qand Z. The result is 


Xo = A{(sin kl— sinh «l)(cos xz— cosh xz) — 
— (cos «l—cosh «l)(sin xz—sinh «z)}, 


and the equation cos«l cosh«l = 1, the roots of which give the characteristic frequencies 
The smallest characteristic frequency is 


224 JEI 
Omin = 2 J ps . 


PROBLEM 5. The same as Problem 4, but for a rod with supported ends, 
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SOLUTION. In the same way as in Problem 4, we obtain X, = A sin «z, and tho frequencies 
are given by sinkl = 0, i.e. x = nr|l (n = 1, 2, ...). The smallest frequency is 





9-87 / Ely 
Onin = ee 
12 ps 
PROBLEM 6. The same as Problem 4, but for a rod with one end clamped and the other 


free. 


SoLUTION. We have for the displacement 
Xo = A{(cos «l+cosh «l)(cos kz— cosh xz) 
+(sin «/—sinh «l)(sin «z—sinh xz)} 


(the clamped end being at z = 0 and the free end at z = l), and for the characteristic (re 
quencies the equation cos«l coshxl+1 = 0, The smallest frequency is 


3-52 / Ely 
Onin = 12 fox . 








PROBLEM 7. Determine the characteristic vibrations of a rectangular plate of sides a wnd p, 
with its edges supported. 


SOLUTION. Equation (25.6), on substituting ¢ = f(x, y) cos(wt-+ a), becomes 


Arlo— «lo = 0, 


where «t = 129(1—o*)w*/Eh?, We take the co-ordinate axes along the sides of the plate. 
The boundary conditions (12.11) become { = 072/@x? = 0 for x = 0 ant a, 


C= a2C ay? =0 
for y = 0 and b. The solution which satisfies these conditions is 
fo = A sin(mrx/a) sin(nzy/b), 


where m and n are integers. The frequencies are given by 


E m? n? 
PE TE EE | rae 
12p(1—o2) |a" t 
Pros_em 8. Determine the characteristic frequencies for the vibration of a redtanpgulat 


membrane of sides a and b. 


SoLuUTION. The equation for the vibration of a membrane is TAZ ~= phe; ch the cipah 
brium equation (14.9). The edges of the membrane must be fixed, so that ( 0. ‘he 
corresponding solution for a rectangular membrane is 

€ = A sin(mrx/a) sin(nzy/b) cos ot, 
where the characteristic frequencies are given by 
» Tpm n? 
ao“ - y t od 
ph \a 


m and n being integers, 
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PROBLEM 9. Determine the velocity of propagation of torsional vibrations in a rod whose 
cross-section is a circle, an ellipse, or an equilateral triangle, and in a rod in the form of a 
long thin rectangular plate. 


SoLuTION. For a circular cross-section of radius R, the moment of inertia is J = 4nR4; 
C is given in §16, Problem 1, and we find the velocity tọ be 1/(/p), which is the same as the 
velocity cg. 

Similarly (using the results of §16, Problems 2 to 4), we find for a rod of elliptical cross- 
section the velocity [2ab/(a?+-b)} v (p/p), for one with an equilateral triangular cross-section 
/ (3/5), and for one which is a long rectangular plate (2h/d)+/(/p). All these are less than cr, 


PROBLEM 10. The surface of an incompressible fluid of infinite depth is covered by a thin 
elastic plate. Determine the relation between the wave number and the frequency for waves 
which are simultaneously propagated in the plate and near the surface of the fluid. 


SoLuTION. We take the plane of the plate as z = 0, and the x-axis in the direction of 
propagation of the wave; let the fluid be in z < 0. The equation of motion of the plate alone 
would be 


are ER ast 
a2: 12(1 — 02) xt? 





poh 


where po is the volume density of the plate. When the fluid is present, the right-hand side 
of this equation must also include the force exerted by the fluid on unit area of the plate, 
i.e. the pressure p of the fluid. The pressure in the wave, however, can be expressed in 


terms of the velocity potential by p = —pd0¢/dt (we neglect gravity). Hence we obtain 
026 Eh ae ad 
ae MR g 
at 12(1 — 02) axed tleo 


Next, the normal component of the fluid velocity at the surface must be equal to that of the 


plate, whence 
atjat = [ə$/ðz]z 0. (2) 
The potential ¢ must satisfy everywhere in the fluid the equation 
T 
0x? 0z? 


We seek ¢ in the form of a travelling wave [ = ķettt-tøt; accordingly, we take as the 
solution of equation (3) the surface wave ¢ = ¢oet(#t- wt)ek2, which is damped in the interior 
of the fluid. Substituting these expressions in (1) and (2), we obtain two equations for $o 
and če, and the compatibility condition is 


Eh’ k5 
12(1— 0?) p+hpok 








§26. Anharmonic vibrations 


The whole of the theory of elastic vibrations given above is approximate 
to the extent that any theory of clasticity is so which is based on Hooker's 
law. It should be recalled that the theory begins from: an expansion of the 
elastic energy as a power series with respect to the strain tensor, which 
includes termis up to and incladinp the second order, "Phe components of 
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the stress tensor are then linear functions of those of the strain tensor, and 
the equations of motion are linear. 

The most characteristic property of elastic waves in this approximation is 
that any wave can be obtained by simple superposition (i.e. as a linear com- 
bination) of separate monochromatic waves. Each of these is propagated 
independently, and could exist by itself without involving any othe: motion. 
We may say that the various monochromatic waves which are simultancously 
propagated in a single medium do not interact with one another. 

These properties, however, no longer hold in subsequent approximations. 
The effects which appear in these approximations, though small, may be ol 
importance as regards certain phenomena. They are usually called anharmonic 
effects, since the corresponding equations of motion are non-linear and do 
not admit simple periodic (harmonic) solutions. 

We shall consider here anharmonic effects of the third order, arising from 
terms in the elastic energy which are cubic in the strains. It would be too 
cumbersome to write out the corresponding equations of motion in their 
general form. However, the nature of the resulting effects can be ascertained 
as follows. The cubic terms in the elastic energy give quadratic terms in the 
stress tensor, and therefore in the equations of motion. Let us suppose that 
all the linear terms in these equations are on the left-hand side, ant all the 
quadratic terms on the right-hand side. Solving these equations by the 
method of successive approximations, we omit the quadratic terms in the 
first approximation. This leaves the ordinary linear equations, whose solution 
uo can be put in the form of a superposition of monochromatic travelling 
waves: constant xe“**") with definite relations between w and k. On 
going to the second approximation, we must put u = uo+ uj and retain only 
the terms in ug on the right-hand sides of the equations (the quadratic terms). 
Since uo, by definition, satisfies the homogeneous linear equations obtained 
by putting the right-hand sides equal to zero, the terms in up on the left hand 
sides will cancel. The result is a set of inhomogeneous linear equations for the 
components of the vector ui, where the right-hand sides contain only known 
functions of the co-ordinates and time. These functions, which are obtained 
by substituting uo for u in the right-hand sides of the original cqnations, ate 
sums of terms each of which is proportional to 


efl(k,—k,) -r—(@,— of 


or 
ef(k, +k,) -r wrt ojo 


where w1, we, ki, ke are the frequencies and wave vectors of any two mono- 
chromatic waves in the first approximation, 

A particular integral of linear equations of this type is a sum of termis 
containing similar exponential factors to those in the free terms (the right- 
hand sides) of the equations, with suitably chosen coctlicients. Mach such 
term corresponds to a travelling wave with frequency coy I cog and wave 
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vector kı + ke. Frequencies equal to the sum or difference of the frequencies 
of the original waves are called combination frequencies. 

Thus the anharmonic effects in the third order have the result that the set 
of fundamental monochromatic waves (with frequencies w1, w2, ... and wave 
vectors kj, ke, ...) has superposed on it other “waves” of small intensity, 
whose frequencies are the combination frequencies such as w+ we, and 
whose wave vectors are such as kj + ke. We call these “waves” in quotation 
marks because they are a correction effect and cannot exist alone except in 
certain special cases (see below). The values w1 + w2 and ki + ke do not in 
general satisfy the relations which hold between the frequencies and wave 
vectors for ordinary monochromatic waves. 

It is clear, however, that there may happen to be particular values of œ, ki 
and we, ke such that one of the relations for monochromatic waves in the 
medium considered also holds for w+ w2 and kı + ko (for definiteness, we 
shall discuss sums and not differences). Putting w3 = w1 + w2, kg = ki+ke, 
we can say that, mathematically, w3 and kg then correspond to waves which 
satisfy the homogeneous linear equations of motion (with zero on the right- 
hand side) in the first approximation. If the right-hand sides in the second 
approximation contain terms proportional to eén% then a particular 
integral will be a wave with the same frequency and an amplitude which 
increases indefinitely with time. 

Thus the superposition of two monochromatic waves with values of w, ki 
and w2, ko whose sum wg, kg satisfies the above condition leads, by the 
anharmonic effects, to resonance: a new monochromatic wave (with para- 
meters wg, kg) is formed, whose amplitude increases with time and eventually 
is no longer small. It is evident that, if a wave with w3, kg is formed on super- 
position of those with w1, kı and we, ke, then the superposition of waves with 
w1, kı and w3, kg will also give a resonance with wo = w3— an, ke = kg—ky, 
and similarly w2, kg and ws, kg lead to an, kı. 

In particular, for an isotropic body w and k are related by w = ck or 
w = cık, with cz > ct. It is easy to see in which cases either of these relations 
can hold for each of the three combinations 


œi ki; we, k2; w3 = ai+a2, kg = ki+ke. 


If ky and ke are not in the same direction, kg < kı + ko, and so it is clear that 
resonance can then occur only in the following two cases: (1) the waves with 
wi, ky and wə, ke are transverse and that with ws, kg longitudinal; (2) one of 
the waves with w1, kı and we, kg is transverse and the other longitudinal, and 
that with w3, kg is longitudinal. If the vectors kı and ke are in the same 
direction, however, resonance is possible when all three waves are longi- 
tudinal or all three are transverse. 

The anharmonic effect involving resonance oceurs not only when several 
monochromatic waves are superposed, but also when there ts only one wave, 
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with parameters w1, kj. In this case the right-hand sides of the equations of 
motion contain terms proportional toe") If œ and ky satisfy the 
usual condition, however, then 2w; and 2k; do so too, since this condition is 
homogeneous and of degree one. Thus the anharmonic effect results in the 
appearance, besides the monochromatic waves with w1, kı previously ob- 
tained, of waves with 2a, 2ki, i.e. with twice the frequency and twice the 
wave vector, and amplitude increasing with time. 

Finally, we may briefly discuss how we can set up the equations of motion, 
allowing for the anharmonic terms. The strain tensor must now be piven 
by the complete expression (1.3): 





Uik = ~ 
k= 5 


1 Ou; dug du du 
( ) (26.1) 


+o + 
Oxx Ox; Ox; Ox 


in which the terms quadratic in u; can not be neglected. Neat, the general 
expression for the energy density} @, in bodies having a given symnuictry, 
must be written as a scalar formed from the components of the tensor tix 
and some constant tensors characteristic of the substance involved; this 
scalar will contain terms up to a given power of wz. Substituting the ex- 
pression (26.1) for wi, and omitting terms in u; of higher orders than that 
power, we find the energy @ as a function of the derivatives @u;/0x; to the 
required accuracy. 

In order to obtain the equations of motion, we notice the following result. 
The variation 6@ may be written 








dE dy 
Sg a am, 
O(Gu;/Oxx) OxK 
or, putting 
oe (26.2) 
Oik = ST uA 
E (Ouder) 
GA 3 dik 
86 = Oik = ——~( 077,60;) — Sti . 
OxK OxK OxK 


The coefficients of — ŝu; are the components of the force per unit volume of 
the body. They formally appear the same as before, and so the equations of 
motion can again be written 


potii = Ooix/Oxx, (26.3) 


+ We here use the internal energy &, and not the free energy F, siace adiabatic vibrations are 
involved, 
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where po is the density of the undeformed body, and the components of the 
tensor cix are now given by (26.2), with & correct to the required accuracy. 
The tensor oj is no longer symmetrical.{ 


PROBLEM 


Write down the general expression for the elastic energy of an isotropic body in the third 
approximation, 


SoLuTion. From the components of a symmetrical tensor of rank two we can form two 
quadratic scalars (ux? and un?) and three cubic scalars (unè, uinu? and uixtiux). Hence the 
most general scalar containing terms quadratic and cubic in ux, with scalar coefficients 
(since the body is isotropic), is 


E = pug? t+ ($K — 4p)? + $A + Bugun + $C; 


the coefficients of ux? and un? have been expressed in terms of the moduli of compression 
and rigidity, and A, B, C are three new constants. Substituting the expression (26.1) for 
ux and retaining terms up to and including the third order, we find the elastic energy to be 


Ou; = Ou, \ du \2 
be (+ PUR- w) + 
Ox~ Ox əx 
Ôl du, 2 Ou; 
tatia = M B+- (my 
(u+} Fen Oe up +(3B+3K— hy) =a 
ATE Oe yp es gohe). 
a ayy Ox, Ox, Ox~ Oxi Oxy Oxy 


ft It should be emphasised that c;x is no longer the momentum flux density (the stress tensor). 
In the ordinary theory this interpretation was derived by integrating the body force density 
da4x/Oxx~ over the volume of the body. This derivation depended on the fact that, in performing the 
integration, we made no distinction between the co-ordinates of points in the body before and after 
the deformation. In subsequent approximations, however, this distinction must be made, and the 
surface bounding the region of integration is not the same as the actual surface of the region considered 
after the deformation. 

It has been shown in §2 that the symmetry of the tensor ojx is due to the conservation of angular 
momentum. This result no longer holds, since the angular momentum density is not xtp — xris 
but (4,4 4,)ax — (x+ ur)i;. 


CHAPTER IV 


DISLOCATIONS+ 


§27. Elastic deformations in the presence of a dislocation 


Exastic deformations in a crystal may arise not only by the action of external 
forces on it but also because of internal structural defects present in the crystal, 
The principal type of defect that influences the mechanical properties of cry 
stals is called a dislocation. The study of the properties of dislocations on the 
atomic or microscopic scale is not, of course, within the scope of this book; we 
shall here consider only purely macroscopic aspects of the phenomenon as 1 
affects elasticity theory. For a better understanding of the physical signilicance 
of the relations obtained, however, we shall first give two simple examples to 
show what is the nature of dislocation defects as regards the structure of the 
crystal lattice. 

Let us imagine that an ‘‘extra’’ half-plane is put into a crystal lattice of 
which a cross-section is shown in Fig. 22; in this diagram, the added half-plane 


° 
. 
. 
e 
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Fic. 22 


is the upper half of the yz-plane. The edge of this half-plane (the x-axis, at 
right angles to the plane of the diagram) is then called an edye dislocation. In 
the immediate neighbourhood of the dislocation the crystal lattice is preatly 
distorted, but even at a distance of a few latticc periods the crystal planes ht 
together in an almost regular manner. The deformation nevertheless exists 
even far from the dislocation. It is clearly scen on going round a closed circuit 
of lattice points in the xy-planc, with the origin within the circuit: i the 


ft This chapter was written jointly with A.M. Koskvicir, 


173 


124 Dislocations §27 


displacement of each point from its position intheideal lattice is denoted by the 
vector u, the total increment of this vector around the circuit will not be zero, 
but equals one lattice period in the x-direction. 

Another type of dislocation may be visualised as the result of “cutting” the 
lattice along a half-plane and then shifting the parts of the lattice on either 
side of the cut in opposite directions to a distance of one lattice period parallel 
to the edge of the cut (then called a screw dislocation). Such a dislocation 
converts the lattice planes into a helicoidal surface, like a spiral staircase 
without the steps. In a complete circuit round the dislocation line (the axis of 
the helicoidal surface) the lattice point displacement vector increment is one 
lattice period along that axis. Figure 23 shows a diagram of such a cut. 





Fic. 23 


Macroscopically, a dislocation deformation of a crystal regarded as a 
continuous medium has the following general property; after a passage round 
any closed contour L which encloses the dislocation line D, the elastic 
displacement vector u receives a certain finite increment b which is equal to 
one of the lattice vectors in magnitude and direction; the constant vector b is 
called the Burgers vector of the dislocation concerned. This property may be 
expressed as 

atu = cc = —b, (27.1) 
a OxK 


where the direction in which the contour is traversed and the chosen direction 
of the tangent vector 7 to the dislocation line are assumed to be related by the 
corkscrew rulet (Fig. 24). The dislocation line itself is a line of singularities of 
the deformation field. 

It is evident that the Burgers vector b is necessarily constant along the dis- 
location line, and also that this line cannot simply terminate within the crystal : 
it must either reach the surface of the crystal at both ends or (as usually hap- 
pens in actual cases) form a closed loop. 


f The simple cases of edge and screw dislocations mentioned above correspotid to straight lines D 
with t | band + || b. We may also note that m the represettation piven by Mig. 22 edpe dislocations 
with opposite directions of b differ in that dhe “extea’’ etystal halt plate lies nbove or below the xz- 


lanc; such dislocations are said to have opposite sho. 
, 


§27 Elastic deformations in the presence of a dislocation 125 


The condition (27.1) signifies, therefore, that in the presence of a dislocation 
the displacement vector is not a single-valucd function of the co-ordinates, 
but receives a certain increment in a passage round the dislocation linc. 


L 
Fic. 24 


Physically, of course, there is no ambiguity: the increment b denotes an adeli- 
tional displacement of the lattice points equal to a lattice vector, and this does 
not affect the lattice itself. 

In the subsequent discussion it is convenient to use the notation 


Wik = dug] Oxi, (27.1) 
so that the condition (27.1) becomes 


fwa dx; = — bp- (27.3) 
L 


The (unsymmetrical) tensor wy is called the distortion tensor. Its synimetrical 
part gives the ordinary strain tensor: 


Uik = }(wWik t+ Wri). (27.4) 


According to the foregoing discussion the tensors wiz and wz, and therefore 
the stress tensor cig, are single-valued functions of the co-ordinates, unlike 
the function u(r). 

The condition (27.3) may also be written in a differential form. ‘Vo do so, 
we transform the integral round the contour L into one over a surface Si 
spanning this contour:+ 


ow k 
funs dxm = [en a dfi- 
Oxy 





L 


The constant vector bx is written as an integral over the same surface by 


+ The transformation is made, accotding to Srogts? tieoroan, by replacing diva by the epecttor 
dfieum f öxi, where can is the andsytituettic init teaser. 
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means of the two-dimensional delta function: 
br = | 7ibn8(8)dfi, (27.5) 
St 


where Ẹ is the two-dimensional radius vector taken from the axis of the dis- 
location in the plane perpendicular to the vector + at the point considered. 
Since the contour L is arbitrary, the integrals can be equal only if the inte- 
grands are equal: 


Crim OW mE] Ox, = — ribrs(6). (27.6) 


This is the required differential form. 

The displacement field u(r) around the dislocation can be expressed in a 
general form if we know the Green’s tensor Giz(r) of the equations of equilib- 
rium of the anisotropic medium considered, i.e. the function which determines 
the displacement component u; produced in an infinite medium by a unit 
force applied at the origin along the x-axis (see §8). This can easily be done 
by using the following formal device. 

Instead of seeking many-valued solutions of the equations of equilibrium, 
we shall regard u(r) as a single-valued function, which undergoes a fixed 
discontinuity b on some arbitrarily chosen surface Sp spanning the dislocation 
loop D. Then the strain tensor formally defined by (27.4) will have a delta- 
function singularity on the “surface of discontinuity” : 


ig) = E(nidy + nbis), (27.7) 


where ¢ is a co-ordinate measured from the surface Sp along the normal n 
(which is in the direction relative to t shown in Fig. 24). 

Since there is no actual physical singularity in the space around the dis- 
location, the stress tensor cix must, as already mentioned, be a single-valued 
and everywhere continuous function. The strain tensor (27.7), however, is 
formally related to a stress tensor o7¢) = Akim Uim™), which also has a 
singularity on the surface Sp. In order to eliminate this we must define ficti- 
tious body forcesdistributed over the surface Sp witha certain density f). The 
equations of equilibrium in the presence of body forces are @ojx/0xx+f;) =0 
(cf. (2.7)). Hence it is clear that we must put 


PG) uml) 
fH = — oo = — Àikim = . (27.8) 








Thus the problem of finding the many-valued function u(r) is equivalent to 
that of finding a single-valued but discontinuous function in the presence of 


t To avoid misunderstanding it should be noted that on the distocation Hne itself (£ > 0), which is 
a tine of singularities, the representation of the wx as the derivatives (27.2) is no longer meaningful, 
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body forces given by formulae (27.7) and (27.8). We can now use the formula 
u(r) = | Gylle- r'r). 


We substitute (27.8) and integrate by parts; the integration with the delta 
function is then trivial, giving 


é 
u(r) = —Davimb | ne=—Gule —r')df’. (27.9) 
Ox 


Sp 


This solves the problem.t 

The deformation (27.9) has its simplest form far from the closed tislocation 
loop. If we imagine the loop to be situated near the origin, then at ilistaners 7 
large compared with the linear dimensions of the loop we have 


u(r) = —jx1mdimeGig(r)) xr, (2.7.10) 
where 
dix = Sibe, Si = [maf = dean (27.11) 
Sp D 


and eix; is the antisymmetric unit tensor. The axial vector S has componenta 
equal to the areas bounded by the projections of the loop D on planes pripen 

dicular to the corresponding co-ordinate axes; the tensor diy may be called the 
dislocation moment tensor. The components of the tensor Gy are first order 
homogeneous functions of the co-ordinates x, y, g (see §8, Problem). We 
therefore see from (27.10) that u;~1/r?, and the corresponding shess field 
Oik ~ 1/r3. 

It is also easy to ascertain the way in which the clastie stresses vary wilh 
distance near a straight dislocation. In cylindrical polar co-ordinates =, 2, ¢ 
(with the z-axis along the dislocation line) the deformation will depeml only 
on r and ¢. The integral (27.3) must, in particular, be unchanged by an 
arbitrary change in the size of any contour in the xy-plane which leaves the 
shape of the contour the same. It is clear that this can be true only if all the 
wip ~ 1/r. The tensor tig, and therefore the stresses oip, will be proportional 
to the same power, 1/r. 


t The tensor Gi; for an anisotropic medium has been derived in the paper by 1. M Taranis and 
L. N. Rozentsvelc quoted in §8, Problem. This tensor is in general very conphicated. bor a ateawha 
dislocation, which corresponds to a two-dimensional problem of elasticity theory, it ipay be minplec to 
solve the equations of equilibrium directly. 

t Attention is drawn to a certain analogy between the clastic defonuation field round a dintocnnion 
tine and the magnetic field of constant tine currents. Phe current is replaced by the Thiers vector, 
which must be constant along the dislocation line, hke the current. Sinitarinalopies will ulso be veadily 
seen in the relations given below. Elowever, quite apart from the entircty diflerent miture of thr two 
physical effects, these analogies are not Tar-recaching, becatmse the tensor character of the carrespondiig 
quantities is different. 
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Although we have hitherto spoken only of dislocations, the formulae de- 
rived are applicable also to deformations caused by other kinds of defect in 
the crystal structure. Dislocations are linear defects; there exist also defects in 
which the regular structure is interrupted through a region near a given 
surface.t Such a defect can be macroscopically described as a surface of dis- 
continuity on which the displacement vector u is discontinuous but the stresses 
gix are continuous, by virtue of the equilibrium conditions. If the discontinuity 
b is the same everywhere on the surface, the resulting strain is just the same as 
that due to a dislocation along the edge of the surface. The only difference is 
that the vector b is not equal to a lattice vector. However, the position of the 
surface Sp discussed above is no longer arbitrary; it must coincide with the 
actual physical discontinuity. Such a surface of discontinuity involves a certain 
additional energy which may be described by means of an appropriate surface- 
tension coefficient. 


PROBLEMS 


Prosiem 1. Derive the differential equations of equilibrium for a dislocation deformation 
in an isotropic medium, expressed in terms of the displacement vector.} 


SoLuTION. In terms of the stress tensor or strain tensor the equations of equilibrium have the 
usual form @oix/@xx = 0 or, substituting oix from (5.11), 


fiie Co uy _¢, (1) 
oxy 1-20 Ox; 


To convert to the vector u we must use the differential condition (27.6). Multiplying (27.6) 
by ein and summing over i and k, we obtain§ 


OWn, Ow 
= = —S = —(xb)ni(8). (2) 














Writing (1) in the form 
wir Wki o wu 


+ =0 
? xp 1—20 Ox; 





OX, 
and substituting (2), we find 
Owe, 1 wy 
+ = (txb),8(§). 
Me ie oe 6) 


Now changing to u in accordance with (27.2), we find the required equation for the multi- 
valued function u(r): 








Aut grad div u = tx bd(&). (3) 


1-26 


f A well-known example of a defect of this type is a narrow twinned tayer in a crystal. 

t The physical meaning of this and other problems relating to an isotropic medium is purely 
conventional, since actual dislocations by their nature occur only ni crystals, ie. in anisotropie media. 
Such problems have iltustrative value, however. 

§ Using also the formula ermen = 68 mn— btn Ome. 
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PROBLEM 2. Determine the deformation near a straight screw dislocation ii au iwotropir 
medium. 


SoLuTIon. We take cylindrical polar co-ordinates z, r, $, with the z-axis along the dinlaca 
tion line; the Burgers vector is bz = by = 0, bz = b. It is evident from synimietry that the 
displacement u is parallel to the z-axis and is independent of the co-ordinate v, "Fhe equettion 
of equilibrium (3), Problem 1, reduces to Auz = 0. The solution which satisfies the conditioni 
(27.1) ist uz = bd/27. The only non-zero components of the tensors wig aud ape are Hep 
b/4rr, ozp = pb/27r, and the deformation is therefore a pure shear. 

The free energy of the dislocation (per unit length) is given by the integral 


pb? fdr 

ay ee 

4n J 7 

which diverges logarithmically at both limits, As the lower limit we nimet take the orda af 
magnitude of the interatomic distances (~b), at which the deformation is bage and the bivio 
scopic theory is inapplicable. The upper limit is determined by a danenaon of the order af he 
length L of the dislocation. Then F = (ub?/47) log (L/b). The energy of the deformiatini in he 
“core’’ of the dislocation near its axis (in a region of cross-sectional atea ~ P9 ani be ratipatcd 


as ~ ub?. When log (L/b) > 1 this energy is small in comparison with that of the ehiti 
deformation field. $ 


ProgLEm 3. Determine the internal stre&ses in an anisotropie uicdinm nen n uarew drdoca 
tion which is perpendicular to a plane of symmetry of the crystal. 


SOLUTION. We take co-ordinates x, y, z so that the z-axis is along the dislocation hine, nnd 
again write bz = b. The vector u again has only the component wu, =: u(x, v). Snice the ay 
plane is a plane of symmetry, all the components of the tensor ikim are zero which contin the 
suffix z an odd number of times. Thus only two components of the tensor oi, are non -zein 


Ou 


Grz = Axzxa—+t+Axzyz— 


Ox oy 


ou ou 
Oyz = Ayzxze—tAyzye—- 
Ox 


dy 


We define a two-dimensional vector © and a two-dimensional tensor Aup: Ou rer, hag 
AazBe (x = 1, 2). Then og = Aagéu/dxe, and the equation of equilibrium becomes divo -ù 
The required solution of this equation must satisfy the condition (27.1): | gradi + dh h 

In this form, the problem is the same as that of finding the magnetic induc trom and inngi ti 
field (represented by o and grad u) in an anisotropic medium of magnetic permeability Asp 
near a straight current of strength J = cb/47. Using the solution derived in elec thodyiaisics, 
we obtain§ 


ve b Nape pyzXy 


Oaz = E. 
2r y JAAT pta g 


where |A| is the determinant of the tensor dag. 





+ In all the problems on straight dislocations we take the vector t in the negative x-diection, 

t These estimates are general ones and are valid in order of magnitude for any distocudion (aud not 
only for a screw distocation). 

H should be noted that in practice the vahies of tog (L/h) are usiatly not very large, und the energy 
of the “core” is therefore a considerable fraction of the total energy ol the dislocation, 

§ See Mectrodynamics of Contonons Media, 829, Vroblem 5. 
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ProsLem 4. Determine the deformation near a straight edge dislocation in un isotropic 
medium. 


SoLuTion. Let the z-axis be along the dislocation line, and the Burgers vector be by = b, 
by = bz = 0. It is evident from the symmetry of the problem that the displacement vector 
lies in the xy-plane and is independent of z, so that the problem is a two-dimensional one. In 
the rest of this solution all vectors and vector operations are two-dimensional in the xy-plane. 

We shall seek a solution of the equation 





Aut grad div u = —bjè(r) 


1—20 


(see Problem 1; j is a unit vector along the y-axis) in the form u = u® +w, where u is a 
vector with components u(), = bd/27, u(y, = (b/2m) log r; these are the imaginary and real 
parts of (b/27) log (x+iy), r and ¢ being polar co-ordinates in the xy-plane. This vector 
satisfies the condition (27.1). The problem therefore reduces to finding the single-valued 
function w. Since, as is easily verified, div u® = 0, Au = bj8(r), it follows that w satisfies 
the equation 


Awt 





grad div w = — 2bj8(r). 
1-20 


This is the equation of equilibrium under forces concentrated along the z-axis with volume 


density Ebj8(r)/2(1 + 0); cf. §8, Problem, equation (1). By means of the GREEN’s tensor found 
in that problem for an infinite medium, the calculation of w is reduced to that of the integral 


b r(3—40)} 
Wee 9 Í a dz’, 
8a(1—0) JL R R 


R= y(r? +2”). 


The result is 











1 
ug = fta ay ad l, 
27r x l-o) x+y? 

b { 1—20 log «/(x2-+92) + 1 x2 | 
uy = — o ——— ——}. 
: ine SVS Date) EF 
The stress tensor calculated from this has Cartesian components 

yB +?) 
Orr = (x2 +922 > 
42 2 
Pn a 
(x2 4 y2)2 
w(x? — y?) 
re) aaa es 
(x24 y2)2 


and polar components 
Orr = Tjo = —(bD|r) sin ¢, 


org = (bD/r) cos ¢, 
where D = p/2r(1 — 0). 
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ProsLeM 5. An infinity of identical parallel straight edge dislocations in an isotopie 
medium lie in one plane perpendicular to their Burgers vectors and at equal distances A apart. 
Find the shear stresses due to such a “dislocation wall" at distances large compared with M. 


SoLUTION. Let the dislocations be in the yz-pļane and parallel to the z-axis. According to 


the results of Problem 4, the total stress due to all the dislocations at the point (x, y) is given by 
the sum 


Z x2—(y—nh} 
oxy(%, y) = > SCE 


This may be written in the form 


se bD |. 6) + eal ; 


where 


foe) 


1 
Ja, B)= > Aya ne th B= ylh 


N= 





According to Porsson’s summation formula 


Se= > ferns 


n =V k=—-0—o 
we find | 
l 
{ 
t œ% [oo] oo 
/ dé a [ eerikidé 
J J(a, p) = [arp t2re Dem [ 
/ a? +é? a? 4 £2 
z -o k=l -= 
a an 
= -+— > e2rkecos Zak. 
x x 
k=1 


When « = x/h> 1 only the first term need be retained in the sum over k, and the rrunlt i 
bx 
Czy = bias lal h cos(2zy/h). 
i 


Thus the stresses decrease exponentially away from the wall. 


§28. The action of a stress field on a dislocation 


Let us consider a dislocation loop D in a ficld of clastic stresses op 
created by given cxtcrnal loads, and calculate the force on the loop in such a 
field. 

According to the general rules, this must be done by finding the work 8R 
done by internal stresses in an infinitesimal displacement of the loop D. If 
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duiz is the change in the strain tensor due to this displacement, we have Trom 


B-D 
èR = - f ow BunaV. 


Since the distribution of the stresses o¿(® is assumed independent of the 
position of the dislocation, we can take the difference symbol ô outside the 
integral. Using also the symmetry of the tensor o;;{¢) and the equation of 
equilibrium 00;,(9/dx, = 0, we can write 


ôR = — sea 


— Ji oak V 


— (2 (ox uz) V. (28. 1) 
oxi 


As explained in §27, we shall regard the displacement u as a single-valued 
function having a discontinuity on some surface Sp spanning the line D. "Then 
the volume integral in (28.1) can be transformed into an integral over a closed 
surface consisting of the upper and lower surfaces of the cut Sp, joined by a 
tubular lateral surface of infinitesimal width enclosing the line D. The valuen 
of the continuous quantities 04,4 are the same on both surfaces, butthe valica 
of u differ by a given amount b. We therefore obtaint 


S S f og dfi. (28.2) 
Sp 


Let each element of length dl of the dislocation be displaced by an amount 
ôr. This displacement causes a change in the area of the surface Sp, the 
elementary change being ôf = ôr X di, i.e. Off = eimnôXmdln = CimndXmT uli, 
The work (28.2) therefore becomes a line integral round the dislocation loop: 


= $ brkeimnogi O XmTndl, 
D 


where 7% is the tangent vector to D. 
The coefficient of ôxm in the integrand is minus the force fm on unit lenptli 


t To avoid misunderstanding we must emphasise that ðu in this formula isto be taken (in accords a 
with the sense of this quantity in (3.1)) as the total (geontetrical) change in the deformation following an 
infinitesimal movement of the dislocation, Ti comprises both elastic and plastic (gee §29) paite, 

t The integral over the tubular lateral surface of radins p vaninbes an p + D, since the up becoure 
infinite more slowly than lfp. 
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of the dislocation line. Chas 
fi = Tkm bm (28.3) 


(M. Pracu and J. S. KornLeR 1950). We may note that the foree f is perpen- 
dicular to the vector r, i.e. to the dislocation line, and also to the vector 
cip by. 

The plane which is defined by the vectors ~ and b at each point of the dis- 
location is called the sip plane of the corresponding element of the dislocation; 
for every element this plane of course touches the slip surface of the whole 
dislocation, which is a cylindrical surface with generators parallel to the Bur- 
gers vector b of the dislocation. The distinctive physical property of the slip 
plane is that it is the only one in which a comparatively easy mechanical dis- 
placement of the dislocation is possible. For this reason it is of interest to 
determine the force (28.3) on this plane. 

Let x be a vector normal to the dislocation line in the slip plane. “Chen the 
required force component (f,, say) is f, = kifi = CixrtiT Omori, or 

fi= 101m bm, PRE) 
where v = « Xris a vector normal to the slip plane. Since the vectors b and v 
are perpendicular, we see that the force f, is determined by only onc compo 
nent ozm(¢) if two of the co-ordinate axes are taken along these vectors. 

The total force acting on the whole dislocation loop is 


- F= enh orn! (28.5) 
D 


This is zero except for a non-uniform stress field; when om® = constant, 
the integral is ¢dx,; = 0. If the stress field varies only slightly over the loop, 
we can write 


Co1m®) 
F; = esxtbm——— pd xg, 
Oxy 
D 


the loop being regarded as situated near the origin . This force can be expremed 
in terms of the dislocation moment dx; defined by (27.11): 


F= dyor) 0x. (28 6) 


PROBLEMS 


PROBLEM 1. Find the force of interaction between two parallel serew dislocation ain am 
isotropic medium. 


¢ This fact follows from the microscopic form of a dislocation defect, Mor example, fo move the 
edge dislocation shown in Mig, 22 in its slip plime (the xz-plane) comparatively slight mavementa of the 
atoms are sullicient, which make erystal planes farther and farther from the yz plane (bit sill paralle lie 
it) into “extra” planes. 

The movement of che dislocotioa te othee d@ectiogs cra occac only hy ddfiaiog procemen, boc 
example, the dislocnQon showa ae bg 22 can move an the ps pluae ooly when atom leave the “era”? 
half-plaoe by diflascon. Sudha proce an be of practical potaa e oaly m iacdy bash tearpembaren. 
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SOLUTION. The force per wait Jerg acting on one dislocation in the stress field due to the 
other dislocation is deterntined from: formula (28.4), using the results of §27, Problera 2. 1t is 
a radial force of magnitude f = yb1b./27r. Dislocations of like sign (biba `- 0) repel, while 
those of unlike sign (biba < 0) attract. 


PROBLEM 2. A straight screw dislocation lies parallel to the plane free surface of an ino- 
tropic medium. Find the force acting on the dislocation. 


SoLuTIon. Let the yz-plane be the surface of the body, and let the dislocation be parallel to 
the z-axis with co-ordinates x = xo, y = 0. 
The stress field which leaves the surface of the medium a free surface is described bythe sum 








of the fields of the dislocation and its image in the yz-plane, considered to lie in an infinite 
medium: 
pb y y 
ate = 24 y2 24 y2|? 
2rl(x—xo)?+y2 — (x+x0)? +y 
pb x — xo X+ xo 
Fyz = 2442 24 y2 |" 
2al (x—xo)2+y2  (x+-x0)?+y 


Such a field exerts a force on the dislocation considered which is equal to the attraction exerted 
by its image, i.e. the dislocation is attracted to the surface of the medium by a force 
S = pb2/4rx0. 


PropLem 3. Find the force of interaction between two parallel edge dislocations in an 
isotropic medium which are in parallel slip planes. 


SOLUTION. Let the slip planes be parallel to the «z-plane and let the z-axis be parallel to the 
dislocation lines; as in §27, Problem 4, we put t = — 1, bz = b. Then the force on unit length 
of the dislocation in the field of elastic stresses cix has components fz = bozy, fy = —~hor:. 
In the case considered, cix is determined by the expressions derived in §27, Problem 4. 1f one 
dislocation is along the z-axis, it exerts on the other dislocation (passing through the point 
(x,y, 0)) a force whose polar components are fr = b1b,D/r, fo = (bibgD/r) sin 24, D 
pl2a(1— 0). The component of this force in the slip plane is fz = (b1b,D/r) cos $ cos 2, 
which is zero when ¢ = 47 or $7, The former position corresponds to stable equilibrium when 
bib, > 0, the latter when bib, <0. 


§29. A continuous distribution of dislocations 


If a crystal contains several dislocations at the same time which are at 
relatively short distances apart (although far apart compared with the lattice 
constant, of course), it is useful to treat them by means of an averaging process: 
we consider “‘physically infinitesimal” volume elements in the crystal with a 
large number of dislocation lines through each. 

An equation which expressed a fundamental property of dislocation deforma 
tions can be formulated by a natural generalisation of equation (27.6). We 
define a tensor pix (the dislocation density tensor) such that its integral over it 
surface spanning any contour L is equal to the sum b of the Burgers vectots 
of all the dislocation lines embraced by the contour: 


[ensthi = bx. (29.1) 


oy 


The continuous fonctions pp desecebe the distttbetoa of dislocations tn the 
Pi 
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crystal. ‘This tensor now replaces the expression oa the cyght of equation 


(27.6): 
CitmeWmk/ Ox, = — pik. (29,2) 
This equation shows that the tensor pix must satisfy the condition 
Opix] Ox; = 0; (29.3) 


for a single dislocation, this condition simply states that the Burgers vector is 
constant along the dislocation line. 

When the dislocations are treated in this way, the tensor wip becomes a 
primary quantity describing the deformation and determining the strain teu 
sor through (27.4). A displacement vector u related to wig by the definition 
(27.2) cannot exist; this is clear from the fact that with such a definition the 
left-hand side of equation (29.2) would be identically zero throughout the 
crystal. f~ 

So far we have assumed the dislocations to be at rest. Let us now see haw a 
set of equations may be formulated so as to allow in principle clastic defonna 
tions and stresses in a medium where dislocations are moving in a piven man 
nerf (E. KRONER and G. RIEDER 1956). 

Equation (29.2) is independent of whether the dislocations are at rest or rmn 
motion. The tensor w;; still determines the elastic deformation; its symmetri- 
cal part is the elastic strain tensor, which is related to the stress tensor in the 
usual way, by Hooxe’s law. 

This equation, however, is now insufficient for a complete formeatlation of 
the problem. The full set of equations must also determine the velocity v of 
the points in the medium. 

It must be borne in mind that the movement of dislocations causes not only 
a change in the elastic deformation but also a change in the shape of the crystal 
which does not involve stresses, i.e. a plastic deformation. ‘Vhe motion of dis 
locations is in fact a mechanism of plastic deformation. "This is clearly ilusti 
ted by Fig. 25, where the passage of the edge dislocation from left to right 
causes the part of the crystal above the slip plane to he shifted to the ripht by 
one lattice period; since the lattice is then regular, the crystal remains na 
stressed. Unlike an elastic deformation, which is uniquely defined by the 
thermodynamic state of the body, a plastic deformation depends on the process 
which occurs. In considering dislocations at rest we have no need to distin 
guish elastic and plastic deformations, since we are concerned only welt 
stresses which are independent of the previous history of the crystal. 

Let u be the geometrical displacement vector of points in the mediam, 
measured, say, from their position before the deformation process begins; its 


f¢ We shall not diacusa bere the problem of determining: this wotion itself fom Me lorces npplied to 
the body, The solution ol andha problem regun ean detaled atidy of the mnccoscople mechy of the 
motion of disfocutioin mud then relardaien by virueue detect, which must take account ol the 
conditions occuritiye 1 actaal ctynlate 
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tme derivative ù v. IE the “tord distortion’ tensor Wig = 0x] Ox; is 
formed from the vector u, its “plastic part? voa is obtained by subtracting 


HE 
FE 
E 
HEF 


Fic. 25 


from Wix the ‘‘elastic distortion” tensor, which is the same as the tensor wg in 
(29.2). We use the notation 


— ji = wip Ot; (29.4) 


the symmetrical part of fip gives the rate of variation of the plastic deformation 
tensor: the change in n;®” in :tn mfinitesimal time interval ôt is 


bu jy) = ~} (jir + jrit. (29.5) 
We may note, in particular, that, if a plastic deformation occurs without 
destroying the continuity of the body, the trace of the tensor ji; is zero: a 
plastic deformation cases no extension or compression of the body (which 
would always mvolve the appearance of internal stresses), i.e. uy = 0, and 
therefore fha ug OOfat + 0. 
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Substitating in the definition (29.4) vey, 9 Wi, ea, we can write it as 


HOi che 

t : tA : CA ae (29.6) 

er ON, 
n equation which relates the rates of change of the elastic and plastic deforma- 
ions. Here the j;, must be regarded as given quantities which must satisfy 
onditions ensuring the compatibility of equations (29.6) and (29.2). These 
onditions are found by differentiating (29.2) with respect to time and sub- 
tituting (29.6), and are 


Öpik Ojmk 
, a 29.7 
Bp ae ap 




















The complete set of equations is given by (29.2) and (29.6), together with the 
namical equations 


pr = OoiK| Xk, (29.8) 


here cik = Aieim@im = Aikim®im-The tensors piy and fiy which appear in 

ese equations are given functions of the co-ordinates (and time) which 

scribe the distribution and movement of the dislocations. These functions 

ust satisfy the compatibility conditions of equations (29.2) with one another 

d with (29.6), which are given by (29.3) and (29.7). 

The condition (29.7) may be regardcd as a differentialexpression of the law 

conservation of the Burgers vector” in the mednn: interrating both sides 

this equation over a surface spanning some closed line 4, defiatng by (29.6) 

e total Burgers vector b of the dislocations embraced by 4, and testay 

OKES’ theorem, we obtain 

db; 4 

eo - bin Xi. (29.9) 
L 

e form of this equation shows that the integral on the right gives the “flux” 

the Burgers vector through the contour L per unit time, i.e. the Burgers 

ctor carried across L by moving dislocations. We may therefore call jix the 

location flux density tensor. 

In particular, it is clear that for an isolated dislocation loop the tensor jix has 

e form 


Jik = CampirV m 
= eamTV mbr9(&); (29.10) 


being given by (27.6), and V being the velocity of the dislocation line at a 
ticular point on it. The flux vector through the element dl of the contour 
s Jidl; and is proportional to dl-e xV -: V-dl Xt, i.e. the component of V 
direction perpendicular to both dEand t; from geometrical considerations 
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it is evident that this is correct, since only that velocity component causes the 
dislocation to intersect the element dl. 

We may note that the trace of the tensor (29.10) is proportional to the com- 
ponent of the velocity of the dislocation along the normal to its slip plane. It 
has been mentioned above that the absence of any inelastic change in density 
of the medium is ensured by the condition j = 0. We see that for an indivi- 
dual dislocation this condition signifies motion in the slip plane, in accordance 
with the previous discussion of the physical nature of the movement of dis- 
locations; see the last footnote to §28. 

Finally, let us consider the case where dislocation loops are distributed in 
the crystal in such a way that their total Burgers vector (denoted by B) is zero. 


Fic. 26 


This condition signifies that integration over any cross-section of the body 
gives 


| pind fi; = 0. (29.11) 


From this it follows that the dislocation density in this case can be written as 


Pik = CimOP mx] Ox; (29,12) 


(F. Kroupa 1962); then the integral (29.11) becomes an integral along a con- 
tour outside the body, and is zero. It may also be noted that the expression 
(29.12) necessarily satisfies the condition (29.3). 

It is easy to see that the tensor Pix thus defined represents the dislocation 
moment density in the deformed crystal, and may therefore be called the 
“dislocation polarisation”: the total dislocation moment Dix of the crystal is, 


by definition, 
Diz = > Siber = feam > haden 
D 


= 4 [eamspmad V, 


e 





t The presence of a dislocation involves a ceriain bendine of Che o vstala uhown dipramiwatieally 
in Fig. 26 (greatly exaggerated). The conden Bo 0 means thal Chere tuo marow opie bending ol 
the erystal as a whole. 
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where the summation ts over all dislocation loops and the integration is ovci 
the whole vobhune of the crystal. Substituting (29.12), we obtain 


1 k i ) I kk = 
Diy: -- 3 Sealant db 
C 


tp 
= 1 fen( EE z “av 
Ox; OS m 


and, after integrating by parts in each term, 


Dik = f Paav, (29.13) 


The dislocation flux density is given in terms of the same tensor Pi by 
Jik = — OP;x/ ot. (29 H) 


This is easily seen, for example, by calculating the integral [jn dI over an 
arbitrary part of the volume of the body, using the expression (29.10), to pive 
a sum over all dislocation loops within that volume. We inay note that the 
expression (29.14) together with (29.12) automatically satislies the condition 
(29.7). 

A comparison of (29.14) with (29.4) shows that ôw®D dP. U we 
agree to regard the plastic deformation as absent in the state with 7’, 0, 
then w;®d = Piz, and 


Wik = Wig — wiz) = dur] 0x; — Pix, (29,14) 


where ux is again the vector of the total geometrical displacement Tom the 
position in the undeformed state. Equation (29.6) is then satislied identically, 
and the dynamical equation (29.8) becomes 


pli —AizimO*um|Oxp0m, = —DiximOPim|Oxn. (29 10) 


Thus the determination of the elastic deformation duc to moving, dislocatioits 
with B = 0 reduces toa problem of ordinary elasticity theory with body lorees 
distributed in the crystal with density —Ajgim@Pim/dx_ (A. M. Kosvan 
1963). 


§30. Distribution of interacting dislocations 


Let us consider a large number of similar straight dislocations lying: 
parallel in the same slip plane, and derive an equation to determine thea 
equilibrium distribution. Let the z-axis be parallel to the dislocations, and 
the xz-plane be the slip plane. 


t It is assumed that the entire deformation process occars with B 0. Thin point mutt be cupha 
sised, since there is a fundamental difference between the tensors Pa and v0": whereas Pu onn bh 
tion of the state of the bady, the tensore Ped enol, Ind depend yon the process which haa broth the 
body into that state. 
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We shall suppose for definiteness that the Burgers vectors of the disloca- 
tions are in the x-direction. Then the force in the slip plane on unit length of 
a dislocation is bozy, where ozy is the stress at the position of the dislocation. 

The stresses created by one straight dislocation (and acting on another 
dislocation) decrease inversely as the distance from it. The stress at a point x 
due to a dislocation at a point x’ is therefore bD/(x— x’), where D is a constant 
of the order of the elastic moduli of the crystal. It may be shown that this 
constant D is positive, i.e. two like dislocations in the same slip plane repel 
each other.f 

Let p(x) be the line density of dislocations on a segment (a1, a2) of the 
x-axis ; p(x)d« is the sum of the Burgers vectors of dislocations passing through 
points in the interval dx. Then the total stress at a point x on the x-axis due to 
all the dislocations is given by the integral 


oxy(#) = -D |=. (30.1) 


For points in the segment (a1, a2) this integral must be taken as a principal 
value in order to exclude the physically meaningless action of a dislocation on 
itself. 

If the crystal is also subjected to a two-dimensional stress field ozy((x, y) 
in the «y-plane, caused by given external loads, each dislocation will be sub- 
jected to a force b(ox, + p(x)), where for brevity p(x) denotes ozy®(x, 0). The 
condition of equilibrium is that this force should be zero: ozy+p = 0, i.e. 





R f PEE p) _ T (30.2) 


é—x D 
a 

where P denotes, as usual, the principal value. This is an integral equation to 
determine the equilibrium distribution p(x). It is a singular equation with a 
Cauchy kernel. 

The solution of such an equation is equivalent to a problem in the theory of 
functions of a complex variable which may be formulated as follows. 

Let Q(z) denote a function defined throughout the complex z-plane (cut 
from a; to a2) as the integral 


“Fo(£)dé 


é-2z 
ai 


Q(z) = (30.3) 


Let Q*(«) and Q-(«) denote the limiting values of Q(x) on the upper and lower 
edges of the cut. They are equal to similar integrals along the segment (e1, @) 


7 Por an isotropic mediani this bias been proved ore 408, Peobkepe t 
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with ton indentation in the form of ananbnitesimal semiciacle below or above 


the pomt s w respectively, tc. 
by lé 
Q s(x) 8 P| (ee Limp(v). (3041) 
~- X 
ay 


If p(€) satisfies equation (30.2), the principal value of the integral is ofw), and 
we therefore have 

Q4+(x) + Q(x) = 2w(x}, (30.5) 
Q+(x)— Q(x) = 2imp(x). (30.0) 





Thus the problem of solving equation (30.2) is equivalent to that of finding an 
analytic function Q(z) with the property (30.5); p(a) ts then piven by (30 0) 
The physical conditions of the problem in question also require hat Q09) 0, 
this follows because far from the dislocations (#—> | o) the strewe: ey mind 
be zero (by the definition (30.3), ozy(*) = —DQ(ax) outside the sepincor 
(a1, a2)). 

Let us first consider the case where there are no external stresses (Pa) O) 
and the dislocations are constrained by some obstacles (lattice defects) at the 
ends of the segment (a1, a2). When w(x) = 0 we have from (30.5) Q !(a) 

— Q-(x), i.e. the function Q(z) must change sign in a passage round each of 
the points a1, a2. This condition is satisfied by any function of the form 


_ PR 
~ V[(as—2)(z—a1)]’ 


where P(z) is a polynomial. The condition Q(00) = 0 means that we mid 
take P(z) = 1 (apart from a constant coefficient), so that 


(30 7) 


Q(z) 





1 
Ole) = A ON 
e= ase a] e 


The required function p(x) will, according to (30.6), have the sime toon "Phe 
coefficient is determined from the condition 


Qa 


feaa = B, (30.9) 


ar 

where B is the sum of the Burgers vectors of all the dislocations, aud so we have 
B 

Ww Vi (ee x)(x a) | f 


We see that the dislocations pile np towards (he obstacles at the ends of the 


p(x) (30.10) 
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segment, with density inversely proportional to the square root of the distance 
from the obstacle. The stress outside the segment (up e) incretses in the same 
manner as the ends of the segment are itpproached, c.g. for a > ag 


x BD 
nw /[(¢—a2)(a2—a1)] 


In other words, the concentration of dislocations at the boundary leads to a 
stress concentration beyond the boundary. 

Let us now suppose that under the same conditions (obstacles at the fixed 
ends of the segment) there is also an external stress field p(x). Let Qo(z) 
denote a function of the form (30.7), and let us rewrite equation (30.5) 
divided by Qo + = —Qo- as 





Q(x) Q-(x)  2æ(x) 
Qot(x) Qo) Qey 





A comparison of this with (30.6) shows that 


n) f w(ë) Ar Dix 
Qo(z) in) Qo¥(@) pa ); (30.11) 








where P(z) is a polynomial. A solution which satisfies the condition (0) 
=0 is obtained by taking as Qo(z) the function (30.8) and putting P(z) = C, 
a constant. The required function p(x) is hence found by means of (30.6), and 
the result is 





es, P| é Heca 
ns n?a/ [(a2— x)(x —a1)] : w(E)v [(az— £)( Urns 
H C 
© /[(a2— x)(x- a)] 


The constant C is determined by the condition (30.9). Here also p(x) increases 
as (ag —«)~1/2 when x—ag (and similarly when « ay), and a similar concentra- 
tion of stresses occurs on the other side of the boundary. 

If there is an obstacle only on one side (at ag, say) the required solution 
must satisfy the condition of finite stress for all x <ag, including the point x- 
ay; the position of the latter point is not known beforehand and must be deter- 
mined by solving the problem. With respect to Q(z) this means that Q(c1) 
must be finite. Such a function (satisfying also the condition Q(c) O) ts 
obtained from the same formula (30.01) by taking for Qy(2) the function 








(30.12) 
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Vi(s--a) (ae 2)h which is also of the form (30.7), and putting Pœ) Om 
(30.11). ‘The result is 


da 
1 /x-a a» (EdE 
p) = -— Pi, j- oe oE: ; (30.13) 
nN ag—x E-a@ Ex 


When x a1, p(x) tends to zero as y/(x—a1). The total stress opy(x) | p) 
tends to zero according to a similar law on the other side of the point «a. 

Finally, let there be no obstacle at either end of the segment, and let the 
dislocations be constrained only by external stresses p(x). ‘The corresponding, 
Q(z) is obtained by putting in (30.11) Qo(z) = VW[(az—s)(z- aJl, Pee) 0. 
The condition Q(00) = 0, however, here requires the fulfilment of a futher 
condition: taking the limit as zoo in (30.11), we find 








ole)ds = (30.14) 
J VU(ae— Se a)] 
The function p(x) is given by 
: wa, 
pla) = — Vllas—x)e—ai)] Pl ac ea 


the co-ordinates a; and ag of the ends of the segment being determined by the 
conditions (30.9) and (30.14). 


PROBLEM 


Find the distribution of dislocations in a uniform stress field p(x) — pa over a sepeti 
with obstacles at one or both ends. 


SoLuTion. When there is an obstacle at one end (a2) the caleulatian of the inteseal (40 14) 
gives 


X— ay 
D az—x 


The condition (30.9) determines the length of the segment occupied by dislocatiots ag ot 
2BD/Po. Beyond the obstacle there is a concentration of stresses near it accordityy ra 





p(*) = 


4&2 — ay 





ozy = po Se 
&— EAS 


Fora segment of length 2L bounded by two obstacles we take the origin af vat the mtdponu 


and obtain from (30,12) 
1 
ER 
ava xt) \D 
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§31. Equilibrium of a crack in an clastic medium 


The problem of the equilibrium of a crack is somewhat distinctive among 
the problems of elasticity theory. From the point of view of that theory, a 
crack is a cavity in an elastic medium, which exists when internal stresses arc 
present in the medium and closes up when the load is removed. The shape and 
size of the crack depend considerably on the stresses acting on it. The mathe- 
matical feature of the problem is therefore that the boundary conditions are 
given on a surface which is initially unknown and must itself be determined in 
solving the problem.t 

Let us consider a crack in an isotropic medium, of infinite length and uni- 
form in the z-direction and in a plane stress field oj,((x, y); this is a two- 
dimensional problem of elasticity theory. We shall suppose that the stresses 
are symmetrical about the centre of the cross-section of the crack. Then the 
outline of the cross-section will also be symmetrical (Fig. 27). Let its length be 
2L and its variable width h(x); since the crack is symmetrical, 4(~x) = h(x) 





We shall assume the crack to be thin (h< L). Then the boundary conditions 
on its surface can be applied to the corresponding segment of the x-axis. Thus 
the crack is regarded as a line of discontinuity (in the «y-plane) on which the 
normal component of the displacement u, = + 4h is discontinuous. 

Instead of h(x) we define a new unknown function p(x) by the formulae 


h(x) = | p(x)dx, — p(—*) = — p(x). (31.1) 


Soe 


The function p(x) may be conveniently, though purely formally, interpreted 
as a density of straight dislocations lying in the z-direction and continuously 
distributed along the x-axis, with their Burgers vectors in the y-direction. | 
It has been skown in §27 that a dislocation line may be regarded as the edge ol 
a surface of discontinuity on which the displacement u has a discontinuity b. 
In the form (31.1) the discontinuity / of the normal displacement at the point 


t The quantitative theory of cracks discussed here is duc to G 1. farino wrr ($959), 
t It is for this reason that the theory of cracks ta desetthed hee to the chapter on dtatecationa, 
although physically the phenomena ate quite different. 
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x is regurded as the sam al the Burgers vectors of all the dislocations Lyiny: to 
the right of that point; the equation pC.) p(x) signihies that the de. 
locations to the right and to the left of the patnt.y 0 have apposite sipns 

By means of this representation weetn write down immediately anes pression 
for the normal stresses (ayy) on the x-axis. These consist of the stiesses 
Gyy‘® (x, 0) resulting from the external loads (which for brevity we denote by 
p(«)) and the stresses cyy(T)(x) due to the deformation caused by the crack 
Regarding the latter stresses as being due to dislocations distetbited over the 
segment (— L, L), we obtain (similarly to (30.1)) 


ii 
d 
Syy P(x) = Ee (31.2) 


for points in the segment (— L, L) itself, the integral must be taken asa prime 
pal value. For an isotropic medium, 


maae H pm E . 
Qn(l—c)  4n(1—02) 


see §28, Problem 3. The stresses oz, due to such dislocations in au isutropt 
medium are zero on the x-axis. 

The boundary condition on the free surface of the crack, applied (as alecady 
mentioned) to the corresponding segment of the a-axis, requires that the 
normal stresses oyy = oyyCT) +p(x) should be zero. This condition, however, 
needs to be made more precise, for the following reason. 

Let us make the assumption (which will be conlirmed by the resnlt) that 
the edges of the crack join smoothly near its ends, so that the sterfaces approach 
very closely. Then it is necessary to take into account the Forces al molecular 
attraction between the surfaces; the action of these forces extends ta a distancer 
ro large compared with interatomic distances. These forces will be ol unpor 
tance in a narrow region near the end of the crack where fro; the leayth of 
this region will be denoted by d in order of magnitude, and will be estimated 
later. 

Let G be the force of molecular cohesion per unit aee of the crack, n 
depends on the distance A between the surfaces} When these forces are taken 
into account, the boundary condition becomes 


oy") + p(x) —G = 0. (311) 

It is reasonable to suppose that the shape of the crack near its end ts detet 
mined by the nature of the cohesion forces and does not depend on the external 
loads applied to the body. Then, in finding the shape of the mata part ol the 
crack from the external forces p(x), the quantity G becomes a given Tent toa 
G(x) independent of p(x) (over the ception d, outside which tts ratmpartant). 





(31.3) 





t Fu the macroscopic tbeary, Hie Gtoctioa CO) m to be tepmded im mieroteag, soawothly, n» 7 ` 
decreases, atp toan macnn valor at the eud et Che crack 
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Substituting oyy(° from (31.2) in (31.4), we thus obtain the following 
integral equation for p(x): 








L 
P | £ ore p(x) ase) = w(x). (31.5) 


Since the ends of the crack are assumed not fixed, the stresses must remain 
finite there. This means that, in solving the integral equation (31.5), we now 
have the last of the cases discussed in §30, for which the solution is given by 
(30.15). With the origin at the midpoint of the segment (— L, L) this formula 
becomes 








p(x) | r arf a E A (31.6) 
a JV (2-8) =x 
The condition (30.14) must be satisfied, which in this case gives 
L L 
d d 
Í pode f ow E 
J v(a) ~ (L-a?) 


(where the integrals from — L to L have been replaced by integrals from 0 to 
L, using the symmetry of the problem). Since G(x) is zero except in the range 
L—x~d, in the second integral we can put L2—x?2~2L(L—«x); the condition 
(31.7) then becomes 





| plod M 
= A (31.8) 
J VE) VEL) 
where M denotes the constant 
d 
G(E)dé 
M = |———, 31.9 
Í (31.9) 


which depends on the medium concerned. This constant can be expressed in 
terms of the ordinary macroscopic properties of the body, its elastic moduli 
and surface tension «; as will be shown later, the relation is 


M=,/ [nak] (1—o?)]. (31.10) 


The equation (31.8) determines the length 24 of the erack rom the given 
stress distributian p(x). For example, for a eeack widened by conecutrtted 


sil Mqutlihy ee of a crack ey au clasty median [-l/ 
forces applied to the midpotmnts of the sides (Ha) fox) we bare 


2L -. f2/M? 
= fÀ — jrak. (LLI) 


It must be remembered, however, that stable equilibrium of a crack e, not 
possible for every distribution p(x). For instance, with uniformi wtdenmye 
stresses (p(x) = constant = po) (31.8) gives 


2L = 4M2/n2p92 
= 4aE/a(1 —o?)pyo". ( S112) 


This inverse relation (L decreasing when po increases) shows that the state e 
unstable. The value of L determined by (31.12) concoponde to mie aible 
equilibrium and gives the ‘‘critical” crack length: longer cracks prow spon 
taneously, but shorter ones close up, a result first derived by A A Giarrrin 
(1920). 

Let us nowretutntotheconsiderationoftheshapeofthecrach.Whent a d, 
the region L — £~ dis the most important in the integral in (31-6). The mitepral 
can then be replaced by its limiting value as x-:-L.3 the result isp cunstan - 
x (L -— x), whencet 


h(x) = constant x (L — x)3!2 (L x~d). (31.13) 


We see that over the terminal region d the two sides of the crack in bret yam 
smoothly. The value of the coefficient in (31.13) depends on the properties al 
the cohesion forces and can not be expressed in terms of the ordinaty muara 
scopic parameters.{ 

For the part farther from the end, where d<L—wx<1L, the repion L č d 
is again the most important in the integral in (31.6), and w(f)> GEYD In 
addition to putting L?—«?~2L(L—x), L?-&~20(h i), we can hae 
replace E-x by L—x, obtaining p= Mr? DV/(L—x), where AZ ts the same 
constant as in (31.9), (31.10). Hence 


h(x) =2Ma/(L—x)/n2D (dL-x& L). GLH) 


Thus the end of the crack has a shape independent of the applicd lorce: (and 
therefore of the length of the crack) throughout the range L we Li when 
L—x>d the shape is given by (31.14), and when 1 —x~d it has an intiaitely 





f In order to proceed to the limit we must first divide the intestal tte (36.60) inte two totepate wah 
numerators o(£)— o(L) and (7.); the second integral makes no cootribttton to the dinsitcay: valur 

t An estimate of the cocllictent in (31.13) gives a valtte of the order of vajd, whete a is tte dinicanpa 
of an atom (using @~ af, M ~ Iva). An estitoate of the etahi d is obtaioed (tom the cooditien 
hd) ~ ro, whence d ~ rotja ‘> ra. Ht sitould be mettioned, however, thtt om ptactice the reacted 
inequalities are satisfied only by nsittall toatgin, mo that Phe cesnduty: shtpe of the tetnnoal ptayee tion 
of the crack ts bot fo be taken ate ewet 
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sharp projection (31.13) (Iig. 28). "The shape of the rematnder of the crack 


does depend on the applied forces. 


1, 
(L-x)? 


thy 






















If we ignore details, of the order of the radius of the action of the cohesion 
forces, the crack therefore has a smooth outline with ends rounded according 
to the parabolas (31.14), and this shape is entirely determined by the applied 
forces and the ordinary macroscopic parameters. The small (~ d) terminal 
projections which actually occur are of fundamental significance, however, 
since they ensure that the stresses remain finite at the ends of the crack. 

The stresses caused by the crack on the continuation of the x-axis are given 
by formula (31.2). At distances x— L such that d<«—L<L, we havet 

Syy X Fyy&) x M]/n4/(x— L). (31.15) 
The increase in the stresses as the edge of the crack is approached continues 
according to this law up to distances x— L~ d, and oy, then drops to zero at 
the point x = L. 

It remains to derive the formula (31.10) already given above, which relates 
the constant M to the ordinary macroscopic quantities. To do this, we write 
down the condition for the total free energy to be a minimum by equating to 
zero its variation under a change in the length L. 

Firstly, when the length of the crack increases by ôL the surface energy at 
its two free surfaces increases by 6Fsurr = 2a5L. Secondly, the “opening” of 
the crack end reduces the elastic energy Fe: by 4foyy(x)n(x)dx, where n(x) is 
the difference in width between the displaced and undisplaced crack shapes. 
Since the shape of the crack end is independent of its length, n(x) = A(x— dL) 

— h(x). The stress oy, = 0 for x< L, and h(x) = 0 for x>L. Hence 


L+éL 


bF a= -4 | evra e—B7)ae. 
L 


t The integral is easily ctlodated diceetly, bhit it ty aot occessacy to do this if we ase the relanon 
between the fttnetions a(x) fors o Lond ayy"? for a F, whicb e evaleot Ion the cemilts of §30. 


LHO 
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Substituting (31.14) and (31.15), we find 
L+6L 


M2 L4+8L—x 
SFea= f d aa 
aD x—L 
L 


ôL 
M? f vy dy 
73D) (L-3) 








M2 
— ——~8L. 

272D 
Finally, the condition ôFsurr+ 5Fe1 = 0 gives the rekton AZ” 
hence we have (31.10).+ 


ba AD, and 





f It may be noted that the theory described above, inelidiny the Celso CHE FOX mon bot appli adds 
as it stands only to ideally brittle bodies, i,e. those which remmin Ginem fy clase ngs Gy baa Cane oe ares 
glass and fused quartz. In bodies which exhibit plasticity the formation of dhe syn kamay Bet anes vensepoanene el 
by plastic deformation at its ends. 


CHAPTER V 


THERMAL CONDUCTION AND VISCOSITY IN SOLIDS 


§32. The equation of thermal conduction in solids 


Non-UNIFORM heating of a solid does not cause convection as it generally 
does in fluids. Hence the transfer of heat is effected in solids by thermal 
conduction alone. The processes of thermal conduction in solids are there- 
fore described by somewhat simpler equations than those for fluids, where 
they are complicated by convection. 

The equation of thermal conduction in a solid can be derived immediately 
from the law of conservation of energy in the form of an “‘equation of con- 
tinuity for heat”. The amount of heat absorbed per unit time in unit volume 
of the body ts 70S/dt, where S is the entropy per unit volume. This must 
be put equal to - div q, where q is the heat flux density. This flux can 
almost always be written as — « grad T, i.e. it is proportional to the tempera- 
tme pradiont (x being the thermal conductivity). Thus 


ToS/dt = div (« grad T). (32.1) 
According to formula (6.4), the entropy can be written as 
S = So(T)+ Kaui, 


where « is the thermal expansion coefficient and So the entropy in the 
undeformed state. We shall suppose that, as usually happens, the tempera- 
ture differences in the body are so small that quantities such as xk, «, etc. 
may be regarded as constants. Then equation (32.1), after substitution of 
the above expression for S, becomes 


aSo Oui 
T +aKT = KAT. 
ôt ot 





According to a well-known formula of thermodynamics, we have 
Cp— Cr = Ko®T, 
whence 


aKT = (Cp—Cy,)/a. 


The time derivative of Sq can be written as (OS0/07T) - (97/81), where the 
derivative 0Sp/07 ts taken for uy divu 0, be. at constant vole, and 
therefore is equal to C/T- 

(su 
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The resulting equation of thermal conduction is 


af -Ga 
Ta Sogo ave = KAT. (32.?) 





In order to obtain a complete system of equations, it is necessary to add nn 
equation describing the deformation of a non-uniformly heated body. This is 
the equilibrium equation (7.8): 


2(1—.) grad div u— (1—20) curl curlu = ĝŝa(1+ o) grad T. (32.3) 


From equation (32.3) we can in principle determine the deformation of the 
body for any given temperature distribution. Substituting the expression for 
div u thus obtained in equation (32.2), we derive an equation giving the 
temperature distribution, in which the only unknown function is T (x, y, z, 2). 

For example, let us consider thermal condnetion in an infinite solid in 
which the temperature distribution satisfies only one condition: at infinity, 
the temperature tends to a constant value Ta, and there is no deformation, 
In such a case equation (32.3) leads to the following relation between div a 
and T (see §7, Problem 8): 


Substituting this expression in (32.2), we obtain 


(1+ ¢)Cp+2(1—2c)Cy OT a oa 
3(1=«) at ee 
which is the ordinary equation of thermal conduction. 

An equation of this type also describes the temperature distribution along 
a thin straight rod, if one (or both) of its ends is free. ‘The temperature may 
be assumed constant over any transverse cross-section, so that 71s a fonction 
only of the co-ordinate x along the rod and of the time. ‘Phe thermal expan 
sion of such a rod causes a change in its length, but no departure froin straysht 
ness and no internal stresses. Hence it is clear that the derivative AS/et in 
the general equation (32.1) must be taken at constant pressure and, muce 
(0S/0t)p = Cp/T, the temperature distribution will satisfy the one dimen 
sional thermal conduction equation CpôT/ðt = xo®T/dx?. 

It should be mentioned, however, that the temperature distribution im a 
solid can in practice always be determined, with sufficient accuracy, by a 
simple thermal conduction equation. The reason is that the second term on 
the left-hand side of equation (32.2) is a correction of order (Cp O/C, 
relative to the first term. In solids, however, the difference between the two 
specific heats is usually very small, and if it is neglected the equation of 
thermal conduction in solids can always be written 


ƏTjot yAT, (32.5) 
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where x is the thermometric conductivity, defined as the ratio of the ther- 
mal conductivity x to some mean specific heat per unit volume C. 


§33. Thermal conduction in crystals 


In an anisotropic body, the direction of the heat flux q‘is not in general 
that of the temperature gradient. Hence, instead of the formula 


q= —« gradT 


relating q to the temperature gradient, we have in a crystal the more general 
relation 


qi = — KpOT/Oxp. (33.1) 


The tensor «ix, of rank two, is called the thermal conductivity tensor of the 
crystal. In accordance with (33.1), the equation of thermal conduction (32.5) 
has also a more general form, 


oT 2T 


K m 
at ad em 





(33.2) 


A general theorem can be stated: the thermal conductivity tensor is 
symmetrical, i.e. 


Kik = Kki. (33.3) 


This relation, which we shall now prove, is a consequence of the symmetry 
of the kinetic coefficients. 

The rate of increase of the total entropy of the body by irreversible pro- 
cesses of thermal conduction is 


div q 
T 





: 1 
Stot = — dV = — | av Fars [ a-erads dV. 


The first integral, on being transformed into a surface integral, is seen to be 
zero. Thus 


: 1 q-grad T 
Stot = [ a-grads, dV = — (= dV, 


or 
: 1 oT 


In accordance with the general definition of the kinetic coefficients,} we 


t See Statistical Physics, §(22. 
t We here use the definition piven in Mud Mechan r, 48 
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can deduce from (33.4) that in the case considered the coeflicicnts 72g m 


1 oT 


T? ax, 


are kinetic coefficients. Hence the result (33.3) follows immediately from the 
symmetry of the kinetic coefficients. 
The quadratic form 


oT oT oT 
qe oe dxi Oxk 





must be positive, since the time derivative (33.4) of the entropy amet be 
positive. The condition for a quadratic form to be positive is that the sapen 
values of the matrix of its coefficients are positive. flence all the pimapal 
values of the thermal conductivity tensor ig, are always positive, Chin in 
evident also from simple considerations regarding: the divection of Che heat 
flux. 

The number of independent components of the tensor aj, depends ov the 
symmetry of the crystal. Since the tensor xig is syrnmetiieal, (his number os 
evidently the same as the number for the thermal expansion tensor ($10), 
which is also a symmetrical tensor of rank two. 


§34. Viscosity of solids 


In discussing motion in elastic bodies, we have so far assumed that the 
deformation is reversible. In reality, this process is thermodynamically 
reversible only if it occurs with infinitesimal speed, so that thermodynamu 
equilibrium is established in the body at every instant. An actual moton, 
however, has finite velocities; the body is not in equilibrinm at every instant, 
and therefore processes will take place in it which tend to return it to equifi 
brium. The existence of these processes has the result that the motion m 
irreversible, and, in particular, mechanical energy} is dissipated, ultunately 
into heat. 

The dissipation of energy occurs by two means. Firstly, when the tempera 
ture at different points in the body is different, irreversible processes of thermal 
conduction take place in it. Secondly, if any internal motion acess m the 
body, there are irreversible processes arising from the finite velocity ol 
that motion. This means of energy dissipation may be referred to, au tn 
fluids, as internal friction or viscosity. 

In most cases the velocity of macroscopic motions in the body is so small 
that the encrgy dissipation is not considerable. Such “almost irreversable” 
processes can be described by means of what is called the dissipatroe function. | 


ft By mechanical energy we here mean the aun of the luneti eneypy af the macion opie moton in 
the efange body nnd its (elise) parengal enti gy ncmo drow the defor dition, 
f Ser Statatical Phyu, §E21. 
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If we have a mechanical system whose monon mvolves the dissipation ol 
energy, this motion can be descriped by the ordinary equations of motion, 
with the forces acting on the system augmented by the dissipative forres ai 
frictional forces, which are linear functions of the velocities. These forces 
can be written as the velocity derivatives of a certain quadratic function ‘F 
of the velocities, called the dissipative function. The frictional force /, 
corresponding to a generalised co-ordinate q, of the system is then given by 
Ja = —O¥/0q,. The dissipative function ¥ is a positive quadratic form in 
the velocities ¢,. The above relation is equivalent to 


BY = —> fda, (34.1) 


where &¥ is the change in the dissipative function caused by an infinitesimal 
change in the velocities. It can also be shown that the dissipative function is 
half the decrease in the mechanical energy of the system per unit time. 

It is easy to generalise equation (34.1) to the case of motion with friction 
in a continuous medium. The state of the system is then defined by a con- 
tinuum of generalised co-ordinates. These are the displacement vector u al 
each point in the body. Accordingly, the relation (34.1) can be written in 
the integral form 


è fY dv = — [fd dV, (34.2) 


where f: are the components of the dissipative force vector f per unit volume 
of the body; we write the total dissipative function for the body as f ‘Vd’, 
where ‘ is the dissipative function per unit volume. 

Let us now determine the general form of the dissipative function ‘Y for 
deformed bodies. The function ¥, which describes the internal friction, 
must be zero if there is no internal friction, and in particular if the body 
executes only a general translatory or rotary motion. In other words, the dis- 
sipative function must bezero if ù = constant or i = Q x r. This means that it 
must depend not on the velocity itself but on its gradient, and can contain only 
such combinations of the derivatives as vanish when ù = Q xr. These are 
the sums 


Ot, dür 


OxK ax,” 





i.e. the time derivatives ġ;x of the components of the strain tensor.t 'Fhus 
the dissipative function must be a quadratic function of aj. The mast 
general form of such a function is 


F = 2M irt. (34,3) 


Cf. the entirely analogous arginnents on the viscosity of thiida in Fuig Atechanics, §45. 
y B E ah 
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The tensor yaa, Ol rauk font, may be called the vaseosiy tensor, Lt has the 
following evident symmetry propertics: 


Nikon = mik © Whilma 5 Wikanl- (31.4) 


The expression (34.3) is exactly analogous to the expression (10.1) lor the 
free energy of a crystal: the elastic modulus tensor is replaced by the tenso 
Niktm, and uix by úix. Hence the results obtained in §10 for the tensor Azim 
in crystals of various symmetries are wholly valid for the tensar gy also 

In particular, the tensor 7;x7m in an isotropic body has only two independent 
components, and ¥ can be written in a form analogous to the expressan 
(4.3) for the elastic energy of an isotropic body: 


F = y(tin— $ò) +302, GES) 


where 7 and ¢ are the two coefficients of viscosity. Since Y" is a pirato 
function, the coefficients 7 and ¢ must be positive. 

The relation (34.2) is entirely analogous to that for the clastic free cnet py, 
Sf EdV = —f Fiu dV, where F; = doi,/Ox_ 1s the force per tte vahimi 
Hence the expression for the dissipative force f; in terms of the tenn ay, 
can be written down at once by analogy with the expression for Zy in tenna 
of uix. We have 


fi = 00'n/Oxx, (4.1.6) 
where the dissipative stress tensor oj, 18 defined by 
d'ir = OV Ot =: hirinn- ($1.7) 


The viscosity can therefore be taken into account in the equations ol motion 
by simply replacing the stress tensor oj, in those equations by the sam 
Gik +0 Gk. 

In an isotropic body, 


oi = 2y(thin— F8untin) + Ciuðir. (SEs) 


This expression is, as we should expect, formally tdeutical with that for thi 
viscosity stress tensor in a fluid. 


§35. The absorption of sound in solids 


The absorption of sound in solids can be calculated in a mister entirely 
analogous to that used for fluids.t Ilere we shall give the catenlations for an 
isotropic body. The thermal-conduction part of the energy disspatron 
Teves is given by the integral - («/T) J (grad TË dk. On acconnt ol yee ostty, 
an amount of energy 2F is dissipated per nmt truc and volime, so that the 
total viscosity part of Fimen is -2f dV. Using the expression (44.5), we 


t See Fluid Methamis, 477 
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therelore have 
Wipe : | (grad T} Ar- 2y f(e wiu aV g |i? av. (35.1) 


Yo calentate the temperature gradient, we use the fact that sound oscilla- 
nons are adiabatic in the first approximation. Using the expression (6.4) Toi 
the entropy, we can write the adiabatie condition as So(T)+ Kaun = So(7v), 
where 7p is the temperature m the undeformed state. Expanding the differ- 
ence S(T) Sa(7p) in powers of T-- To, we have as far as the first-order 
termes Sa) S(T) (T To) 0Sa/OT = C T— To)/To. The derivative 
ol the entropy is taken for mp 0, ie. at constant volume. Thus 


T Ty: ~ TaKuujCy 
Uang also the relations K 0 Wise = CyB aa/Cp and Kaa/p = cP — 42/3, 


we can rewrite this result as 


Topla — 4e,2./3 
ae S (35.2) 





-p 


Let ns first consider the absorption of transverse sound waves. T'he 
thermal vorbretion cannot result m the absorption of these waves (in the 
approximation Considered). For, in a transverse wave, we have uu = 0, and 
therefore the temperature m it is constant, by (35.2). Let the wave be propa- 
pated along the x-axis; then 


ue O, ty twy cos(kx wt), uz = upz cos(kx— wt), 


and the only non-zero components of the deformation tensor are 
en thio, sin(kx cont), tye ~~~ $kuyz sin(kx— wt). 

We shall consider the energy dissipation per unit volume of the body; the 
(tte) avetape valie of this quantity ts, from (35.1), 


F mech a? dy (vay? -I ty), 
where we have put k fen 'Vhe total mean energy of the wave is twice 


tbe mean kinetic energy, ne. 


E p far dk 


fer rtm voliume we have 
E Joos! l tio:”)- 
‘Phe sound absorption cachet is defined as the ratio of the mean energy 


deeapation to twice the mean encipy this in the wave; this quantity piven 
the manner of vanabon of the wave amplitude with distance, "he amplitide 
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decreases as e777, 'TInis we lind the following expression for the absorption 
coefficient for transverse waves: 


yi = }lÊmecnl/&E = nw®/2pe’. (35.3) 


In a longitudinal sound wave uz = uo cos(kx—wt), uy = uz=0. A 
similar calculation, using formulae (35.1) and (35.2), gives 


w? | 4 $ £) k Tap? i 4c,2\2 45.4 
= + i $ 
v 2pc E Cp? ( cal | ( ) 


These formulae relate, strictly speaking, only to a completely isotropic and 
amorphous body. They give, however, the correct order of magnitude for 
the absorption of sound in anisotropic single crystals also. 

The absorption of sound in polycrystalline bodies exhibits peculiar proper- 








ties. If the wavelength A of the sound is small in comparison with the 
dimensions a of the individual crystallites, then the sound is absorbed m 
each crystallite in the same way as in a large crystal, and the absorption 


coefficient is proportional to w°. 
If A > a, however, the nature of the absorption is diferent. Tu sach a 


wave we can assume that each crystallite is subject to a tiitlentily de tiabnted 
pressure. However, since the crystallites ime omitoh ope, and so are the 
boundary conditions at their surfaces of contact, the realy: defer inion r, 
not uniform. It varies considerably (by an amount of the same ocka a 
itself) over the dimension of a crystallite, and not over one wavelength ae ana 
homogeneous body. When sound is absorbed, the rates of chanpe of the 


deformation (1x) and the temperature gradients are of importance, Of 
these, the former are still of the usual order of magnitude. ‘I'he temperature 
gradients within each crystallite are anomalously large, however. Hence the 
absorption due to thermal conduction will be large compared with that due to 
viscosity, and only the former need be calculated. 

Let us consider two limiting cases. The time during which the temperature 
is equalised by thermal conduction over distances ~ a (the relaxation time 
for thermal conduction) is of the order of a?/y. Let us first assume that 
w < yja?. This means that the relaxation time is small compared with the 
period of the oscillations in the wave, and so thermal equilibrium is nearly 
established in each crystallite; in this case we have almost isothermal oscilla- 
tions. 

Let T’ be the temperature difference in a crystallite, and Ty’ the corres- 
ponding difference in an adiabatic process. The heat transferred by thermal 
conduction per unit volume is — div q = kA T' ~ «T’/a?. The amount of 
hcat evolved in the deformation is of the order of To'C ~ wTo'C, where 
C is the specific heat. Equating the two, we obtain T’ ~ Ty’wa?/y. The 
temperature varies by an amount of the order of T’ over the dimension of 
the erystallitc, and so its gradient is of magnitude ~ Tja. Finally, To’ is 
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found hom (35.2) 


chsplicement vector): 


with uy ~ ku ~ coufe (u being the amplitude of the 


’ 


Ty ~ Tupewn|C; (35.5) 


m obtaining orders of magnitude, we naturally neglect the difference between 
the varions velocities of sound. Using these results, we can calculate the 
energy dissipated per unit volume: 


a 


: Th? 
haen (grad TP ~ (z) 
T a 





T 


Dividing this by the energy tux cë ~ epw*u*, we find the damping coeflicient 
to be 


y ~ Tepca®a?/yC for o & x/a (35.6) 


(C. Zener 1938). Comparing this expression with the general expressions 
(35.3) and (35.4), we can say that, in the case considered, the absorption of 
sound by a polycrystalline body is the same as if it had a viscosity 


y ~ Ta?p?cta?]xC, 


which is much arger than the actual viscosity of the component crystallites. 

Next, let us consider the opposite limiting case, where w > y/a?. In other 
words, the relaxation time is large compared with the period of oscillations 
m the wave, and no noticeable equalisation of the temperature differences 
duc to the deformation can occur in one period. It would be incorrect, 
however, to suppose that the temperature gradients which determine the 
absorption of sound are of the order of Toja. This assumption would take 
info account only thermal conduction in each crystallite, whereas heat ex- 
change between neighbouring crystallites must be of importance in the case in 
question (M. A. Isakovicu 1948). H the crystallites were thermally insulated 
the temperature differences occurring at their boundaries would be of the 
came order Tw as those within cach individual crystallite. In reality, however, 
the bonndary conditions require the continuity of the temperature across 
the surface separating two crystallites. We therefore have “temperature 
waves” propagated away from the boundary into the erystallite; these are 
damped at a distance ò ~ y (y/o). In the case under consideration & © a, 
re. the nuin temperature gradient is of the order of Tf and occurs over 
distinees small compared with tbe total dimension of a erystalhite. The cor 
responding fraction of the volume of the crystallite ts ~ a?35 taking the ratio 


|] Foamy be reeathal thm, of a theoanatly mubi ung medi. ia bounded by the plane wD, ar 
whi the exer tempemine vies pemortcully necmebiy: to 2" Tye eet then thr teruprinture 
WhsCsbuGorn s the medion ee yeven by the emperane wave $ Tae eat e (DVP, wee 
bland Mehana, ho? 
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of this to the total vohime ~ a8, we find the mean energy dissipation 





E mech ~ 


K (1y'\2a*5 rTo? 
F 5 a Tad 

Substituting for To’ the expression (35.5) and dividing by cË ~ cpw?u?, we 
obtain the required absorption coefficient: 


y ~ To®pcr/(yw)j/aC for w > y/a?. (35.7) 


It is proportional to the square root of the frequency.t 

Thus the sound absorption coefficient in a polycrystalline body varies as 
w? at very low frequencies (w < y/a?); for y/a2 < w < c/a it varies as +/a, 
and for w > c/a it again varies as w. 

Similar considerations hold for the damping of transverse waves in thin 
rods and plates (C. ZENER 1938). If h is the thickness of the rod or plate, 
then for A > A the transverse temperature gradient is important, and the 
damping is mainly due to thermal conduction (see the Problems). If also 
w < x/h?, the oscillations may be regarded as isothermal, and therefore, in 
determining (for example) the characteristic frequencies of vibtations ol the 
rod or plate, the isothermal values of the moduli of clasticity must be used. 


PROBLEMS 


PROBLEM 1. Determine the damping coefficient for longitudinal vibrations of a rod. 


SoLuTION, The damping coefficient for the vibrations is defined as B [Minot |/2/85 
the amplitude of the vibrations diminishes with time as e~/t, 

In a longitudinal wave, any short section of the rod is subject to simple extension or com- 
pression; the components of the strain tensor are Uz: = 0u,/Oz, Uzr = Uyy = —ogqduz/Oz. 
We put uz = uo cos kz cos wt, where k = w//(Eaq/p). Calculations similar to those given 
above lead to the following expression for the damping coefficient: 


wn 3q2—4c;2 ta? kTa?p? 
= + + 
2eA3 (~a (a?—c?)\(3q2—4c") 9C 





Here we have written Z,q and ogq in terms of the velocities c, ce by means of formulae (22.4). 


PROBLEM 2. The same as Problem 1, but for longitudinal oscillations of a plate. 


SoLution, For waves whose direction of oscillation is parallel to that of their propagation 
(the x-axis, say) the non-zero components of the strain tensor are 


Uzg = Ouz/Ox, uzz = —[oaa/(1— aa) ]ouz/ox; 


see (13.1). The velocity of propagation of these waves is /[Faa/p(1—¢aa?)]. A calculation 
gives 





B w? k 3af + 4c¢4 — bqc ta kTa?p?(1+ maar 
23 celes) lae) 9Cp? 
t Fhe same Teqneney dependener ii fom lor the absorprion af sound propagated in a fluid near 


a solil wall Ginn pipe, lor npdauce), see Phad Mechanes, 7/7, Problems 
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For waves whose direction of oscillation is perpendicular to the direction of propagation, 
uu = 0, and the damping is caused only by the viscosity 7. In this case the damping cocth 
cient is 8 = yw*/2pce?. This applies also to the damping of torsional vibrations vf rods. 


PROBLEM 3. Determine the damping coefficient for transverse vibrations of a rod (with 
frequencies such that w > x/h?, where h is the thickness of the rod). 


SoLurion. The damping is due mainly to thermal conduction. According to §17, we lave 
for each volume element in the rod wz = x/R, Urr = Uyy = —oaax/R (for bending in the 
xz-plane); for wœ > x/h®, the vibrations are adiabatic. For small deflections the radius ot 
curvature R = 1/X”, so that uj; = (1—20,q)xX”’, the prime denoting differentiation with 
respect to z. The temperature varies most rapidly across the rod, and so (grad 7 
(eT /@x)?. Using (35.1) and (35.2), we obtain for the total mean energy dissipation in the 
rod —(«T'e*E4q2S/9C,%) JX”? dz, where S is the cross-sectional area of the rod. The mean 
total energy is twice the potential energy EadIy JX’ dz. The damping coefficient is 


B = xTo2SE sal 18] yCy?. 





PROBLEM 4. The same as Problem 3, but for transverse vibrations of a plate. 
SoLution, According to (11.4), we have for any volume element in the plate 


1—20aa 02 


Z 
1 — Oad ax? 





Uii 





for bending in the xz-plane. The energy dissipation is found from formulae ( 35 .1) and (5.?) 
and the mean total energy is twice the expression (11.6). The damping coefficient is 


_ KTE 1+osa  2xTa®p (3q°—4a°Pa? 
“3C eh l-o 3C (Q2—aP)q? 


PROBLEM 5, Determine the change in the characteristic frequencies of transverse vibralionn 
of a rod due to the fact that the vibrations are not adiabatic. The rod is in the form of n 
long plate of thickness k. The surface of the rod is supposed thermally insulated. 


SoLUTION. Let Taq(x, t) be the temperature distribution in the red for adiabatic vilin 
tions, and T(x, t) the actual temperature distribution; x is a co-ordinate across the a m 
of the rod, and the temperature variation in the yz-plane is neglected. Since, for T = Tha, 
there is no heat exchange between various parts of the body, it is clear that the thermal con 
duction equation must be 


oT 
ane 





au Taa) = xX 


For periodic vibrations of frequency w, the differences tag = Tad —T), 7 = T— To from 
the equilibrium temperature T are proportional to etot, and we have T” +iwrt/y = imtyaly, 
the prime denoting differentiation with respect to x. Since, by (35.2), Taq is proportioml 
to uz, and the components tx are proportional to x (see §17), it follows that taq == Ax, wheie 
A is a constant which need not be calculated, since it does not appear in the final result. ‘The 
solution of the equation t” +iwrt/x = iwAx/x, with the boundary condition 7’ - O tar 
x = +4h( the surface of the rod being insulated), is 





4 sin kx ) i EET 
m = s t | tt . 
7 (> k cos Uh (i i) v (e/2x 


Fbeonmnent AV, of the vated siess foree ma rod bext om the wi piime aos compased of 
the wathenral part Wy mo Qe the vabie for qvothemiial bene?) and tlhe poit dne fa the 
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non-uniform heating of the rod. H Myang is the moment in adiabatic bending, the second 
part of the moment is reduced from My.aq—My,iso in the ratio 


th th 
1+/f() = f ZT dz /f ZTaa dz. 
—th —th 


Defining the Younc’s modulus E, for any frequency w as the coefficient of propo tionabty 
between My and Iy/R (see (17.8)), and noticing that Ega ~E = E° Ta?/9C, (seo (0.8); Ean 
the isothermal YouNnc’s modulus), we can put 


E, = E+[l+f(o)]E2T22/9Cp. 


A calculation shows that f(w) = (24/k5h')(4kh—tan 4kk). For w + oo we obtu f — l, 
which is correct, since Eœ = Ead, and for w —> 0, f — 0 ad Ka K 

The frequencies of the characteristic vibrations are proportional to the aqme vot of the 
Youne’s modulus (see §25, Problems 4-6). Hence 


ET ott 
oO = wo 1 +(e) 8C 


p 


where wọ are the characteristic frequencies for adiobane vilnan Pfnr value of e in 
complex. Separating the real and imaginary parts (@ — w’ { 7/1), we bmd the Cline torsade 
frequencies 
s | ETo? 1 sinhé sing 
w = wo ee ee 
3Cp È cosh E+ ens é 





and the damping coefficient 
B 2ET«?% [ 1 sinh + sin ‘| 
3C yh? é cosh £+cos ¿l 
where é = hy/(w/2y). 
For large £é the frequency w tends to wa, as it should, and the damping coctligemt to 


2ET«2y/3C,h*, in accordance with the result of Problem 3. 
Small values of £ correspond to almost isothermal conditions; in this case 





1 aa) EIE 
wx on 18C, = wo (E]Eaa), 


and the damping coefficient B = ET«2h? w,?/180C,x. 
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For typical fluids, the Navier-Stokes equations are valid if the periods ol 
the motion are large compared with times characterising the molecules. "Mls, 
however, is not true for very viscous fluids. In such fluids, the usual equations 
of fluid mechanics become invalid for much larger periods of the moton. 
There are viscous fluids which, during short intervals of time (though these 
are long comparedl with molecular times), behave as solids (for instance, 
glycerine and resin). Amorphous solids (for instance, glass) may be regarded 
as a limiting case of such flutds having a very large viscosity. 

The properties of these (liids em be deseribed by the following method, 
due to Maxwen.. hey are clastieally deformed during short intervals of time. 
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When the delormanon ceases, shear stresses tenunan an them, although: these 
are damped in the course of time, so (hat alter a suflictently long time alinon 
no internal stress remains in the Huid. Lets be of the order of the time diting 
which the stresses are damped (sometimes called the Maxwellian relaxation 
time). Let us suppose that the fluid is subjected to some variable external forees, 
which vary periodically in time with frequency w. If the period lfe is kape 
compared with the relaxation time 7, i.e. wr < 1, the fluid under consideration 
will behave as an ordinary viscous fluid. If, however, the frequency « is sulli 
ciently large (so that wr > 1), the fluid will behave as an amorphous solid. 

In accordance with these “intermediate” properties, the fluids in question 
can be characterised by both a viscosity coefficient 7 and a modulus of 
rigidity u. It is easy to obtain a relation between the orders of magnitude of 
y, u and the relaxation time 7. When periodic forces of sufficiently small 
frequency act, and so the fluid behaves like an ordinary fluid, the stress tensor 
is given by the usual expression for viscosity stresses in a fluid, i.e. 


Oik = Znlix = —Zi~nui. 


In the opposite limit of large frequencies, the fluid behaves like a solid, and 
the internal stresses must be given by the formulae of the theory of elasticity, 
i.e. oy = Zum; we are speaking of pure shear deformations, i.e. we assume 
that ug = ou = 0. For frequencies w ~ 1/7, the stresses given by these 
two expressions must be of the same order of magnitude. Thus yu/At ~ pu/A, 
whence 

N ~ Th. (306.1) 
This is the required relation. 

Finally, let us derive the equation of motion which qualitatively describes 
the behaviour of these fluids. To do so, we make a very simple assumption 
concerning the damping of the internal stresses (when motion ceascs): 
namely, that they are damped exponentially, i.e. dojg/dt = —oy/7. In a 
solid, however, we have oix = Zutik, and so dojx/dt = 2udujz/dt. It is casy 
to see that the equation 

don Oik 2 duix 


+ = 
ee. Das © re de 








(30.2) 


gives the correct result in both limiting cases of slow and rapid motions, and 
may therefore serve as an interpolatory equation for intermediate cases. 
For example, in periodic motion, where uig and ojx depend on the tine 


through a factor e™®t, we have from (36.2) —iwoik + oiT = -~ 2ioptn, 
whence 
2ulk 
CK = oe (30.3) 
1+2/or 


For wr > 1, this formula gives cig = 2puje, ic. the usual expression for 
solid bodies, while for wr <% 1 we have Sik ` QiopeT teins aac QyeT tk, tlre 
usual expression for a fluid of viscosity pr. 
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